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Chapter 1

Introduction

1.1 Research Background

Modal analysis of beams has been a continuous subject of study for over 40 years
[Chr84, Dim83, Pap88, She90, Dim96]. Within modal analysis, particular emphasis
has been placed on the frequency analysis of beams with a transverse open crack,
recognizing its importance as a fundamental aspect in the study of structural health
monitoring [Fanll, Goml4, She94, Kim03a, Che05]. Examining the modal
frequency of a cracked beam is a widely studied topic for damage assessment
because it is easy and inexpensive to acquire, providing a low-cost structural
assessment method [Sal97]. The prediction of frequency shifts is based on the
phenomenon that the frequencies of cracked beams decrease compared to those of
intact beams. This phenomenon is not attributed to a reduction in mass but rather to
a decrease in local stiffness as a crack develops [Nah05].

Most previous studies have concentrated on modal analysis of the Euler-Bernoulli
beam theory, which neglects the effects of shear deformation and rotational inertia
[ChoO1, Li02, Lee00, Cad09]. Furthermore, these studies focus on the first to third
bending modes, which are determinable through modal testing methods such as the
impact hammer test [Chi21, Chi01, Kim03b, Mei06]. However, the application of
Timoshenko beam theory, which considers the effects of shear deformation and

rotational inertia, becomes necessary when examining beams with increased



thickness or higher order modes (Fig. 1.1) [Loy22]. On the basis of the A/2h = 5
criterion mentioned by Loya et al. [Loy22], Fig. 1.1 illustrates the distinction
between Timoshenko and Euler-Bernoulli beams according to the aspect ratio for
each mode number of a simply supported intact beam. When the mode wavelength
is long compared to the beam thickness (A/2h > 5), the Euler-Bernoulli beam theory
is sufficient. Conversely, when the mode wavelength is short relative to the beam
thickness (A/2h < 5), the application of the Timoshenko beam theory is appropriate.
When the aspect ratio exceeds 20, the bending modes up to the typically observed
fourth order can be adequately analyzed using the Euler-Bernoulli beam theory.
However, when the aspect ratio falls below 20, an accurate analysis becomes
impossible without considering the Timoshenko beam theory. Consequently, it is

appropriate to adopt the Timoshenko beam theory for a more accurate analysis of all

beam types.
50 "
T-Beam ! E-B Beam
I
|
401 20th mode i
! 4th mode
ﬁ 10th mode i
T | 1
§ |
- 3rd mode
|57
5]
3 201
< 20
2nd mode
I
10 j
! 1st mode
|
0 .
0 5 10

Fig. 1.1 Distinction between Timoshenko and Euler-Bernoulli beam theories for
the aspect ratio of each mode order for a simply supported beam.



1.2 Limitations of Previous Studies

The conventional method used in most previous studies assumed that the
frequency reduction of the bending mode in a cracked beam is caused by the
discontinuity of the rotation angle at the crack [Car02, Lin04, Der21]. These
conventional methods have mainly focused on the open crack. Sometimes, the modal
frequencies for axial modes have also been predicted along with the bending modes,
similar to the conventional method. The occurrence of a crack results in a frequency
decrease, due to discontinuities in axial displacement for axial modes and rotational
angle for bending modes. Notably, the axial and bending modes are assumed to be
independent and have no effect on each other. Under this assumption, the

compatibility equation for the bending behavior can be expressed as follows:

HR - HL = beei (11a)

where 6z, 6;, ug, u;, wg,and w; denote the rotational angle, axial displacement,
and transverse displacement of the beam at the right and left sides of a crack,
respectively. Fjp, is the local flexibility coefficient associated with mode I crack.

Additionally, ' represents the spatial differential operator.

w

=S Fppb,
up —u, =0 /.\ER _
NA e— : ‘ _ '
w, Ug NA. b et _fWL
N.A.
Or— 0, = beg,’_ *
(a) axial displacement (b) rotational angle (c) transverse displacement

Fig. 1.2 The compatibility equations used in the conventional method.



Fig. 1.3 shows a numerical model of an aluminum beam featuring a crack located
at 0.45 L from the left end of the beam. The conventional method for predicting

cracked beams was applied to the numerical example in Fig. 1.3.

Crack depth ratio (6) = % =0~0.7

40mm

a]|

crack

=I< >

89.4mm

78.6mm

168mm

Fig. 1.3 A numerical model of an aluminum beam featuring a crack located at
0.45L from the left end.

The conventional method applied in the numerical example shown in Fig. 1.3 is
compared with the results of finite element analysis and experiment, as illustrated in
Fig. 1.4(a). This figure presents a comparison of the modal frequencies obtained by
the conventional method, finite element analysis and experiment up to the fifth
bending mode, which is below the cut-off frequency. The modal frequencies
calculated by the finite element analysis, conventional method and experiment are
represented by a red solid line, a black solid line and a circle, respectively. Fig. 1.4(a)
displays notable discrepancies within the third bending mode, which is the primary

observation range, indicating the potential limitations of the conventional method.



— Finite element analysis
— Conventional method
== With ABMC[Gud83]
O Experiment

N
q

Modal frequency (kHz)
N
o

107

w
<

|
/f

i

|

|

|

|

I

|

/{

0 T T T T T T
0 01 02 03 04 05 06 07
Crack depth ratio

(a) modal frequency as a function of

BM5

BM4

BM3

BM2

BM1

crack depth ratio for the bending

modes

Intact

\

Crack depth ratio=0.1

Crack de[gh ratio:O.E

—

Crack depth ratio=0.3

Crack depth ratio=0.4

) ]

C;ack diéatﬁiratio:(g

_ ‘ | S -

“LJ__W?? ]
Crack depth ratio=0.6

N 1/
| |
|

L

Crack degthiratiozoii

-

!

(b) evolution of the fifth bending mode
shape for the crack depth ratio.

Fig. 1.4 Numerical modal analysis results for a two-dimensional free-free
aluminum beam (bending mode is shown as “BM” on the right axis).

Fig. 1.4(b) shows the evolution of the fifth bending mode shapes with crack depth

ratio obtained from the finite element analysis. As soon as a crack occurs, not only

bending deformation is observed, but axial deformation also starts to appear in the

bending modes from a crack depth ratio of 0.3. As the crack depth ratio reaches 0.5,

shear deformation at the crack becomes evident. The mode shapes reveal that the

reduction in the modal frequencies of bending modes in a cracked beam is influenced

by both axial and shear deformations at the crack. By examining Fig. 1.4, it is clear

that the conventional method used in the previous study needs to be re-evaluated.



1.3 Literature Review

In a two-dimensional cracked beam, the crack experiences mode | loading
perpendicular to the crack plane, as shown in Fig. 1.5(a), and mode |1 loading parallel
to the crack plane, as shown in Fig. 1.5(b). To prevent nomenclature confusion with
vibration modes, the terms “mode I crack” and “mode Il crack” are used to refer to
the crack caused by mode I loading and mode Il loading, respectively. It is important
to note that a “mode | crack” refers to a crack caused by mode I loading, not the
commonly known “mode | crack propagation” in fatigue fracture. In most studies on
the bending modes of cracked beams, the reduction in the modal frequency is
assumed to be due to the effects of the mode I crack. Consequently, mode Il crack
has not been the primary focus of research and is rarely applied in cracked beam

studies.

- — 1

(a) Opening crack mode (b) Sliding crack mode

Fig. 1.5 Two-dimensional version of the crack mode.

1.3.1 Uncoupled Bending Mode (Conventional Method)

Most studies based on the Euler-Bernoulli beam theory, as shown in Fig. 1.2, also

assume that the axial and transverse displacements are continuous and that the



frequency reduction occurs only due to the discontinuity in the rotational angle at the
crack [Fer02, Fer99, Ost91]. Using the Euler—Bernoulli beam theory, Rizos et al.
[Riz90] and Narkis [Nar94] hypothesized a discontinuity in the rotational angles in
beams with a single-edge crack to estimate the crack location. Rizos et al. focused
on a cantilever support condition, and Narkis focused on a simply supported setup.
Similarly, researchers employing the Timoshenko beam theory also align with the
Euler-Bernoulli beam theory, which attributes the reduction in frequencies of
cracked beams entirely to the discontinuity in the rotational angle [Wan15, Lel02].
Khaji et al. [Kha09] focused on the rotational angles at the crack to predict the modal
frequencies at various supports, comparing their results with those of finite element
analysis. They also investigated the effect of the aspect ratio of the beam and found
significant discrepancies between their results and those of finite element analysis in
cases of low aspect ratios. They speculated that these discrepancies could be
attributed to inaccuracies in the simulation of crack behavior. In addition, Altunisik
et al. [Alt17, Alt19] and Shafiei and Khaji [Shall] extended their research to predict
modal frequencies by applying their methodologies to cases involving multiple

cracks.

1.3.2 Coupled Bending Mode

Recently, new models have been proposed to investigate the causes of frequency
reduction due to cracks by considering various vibration modes or crack modes. Park

and Lim [Par18] observed uncoupled bending modes up to the 19th order, whose



frequency exceeded 100 kHz. They observed deviations between the equation and
experimental results with increasing in crack depth ratios. This phenomenon was
caused by the modal coupling between the axial and bending modes, referred to as
axial-bending modal coupling (ABMC). Gudmundson [Gud83] accurately predicted
the ABMC between the first axial and the third bending modes of a cracked
cantilever beam using the Timoshenko beam theory. Studies using the Euler-
Bernoulli beam theory have also addressed the ABMC corresponding to the mode I
crack [Kan16, Dad03, Sar14]. Kang et al. [Kan19] derived a closed-form frequency
equation for a cracked beam considering the ABMC based on the Euler-Bernoulli
beam theory. They accurately predicted the ABMC between the first axial and the
fifteenth bending modes of a free-free cracked beam, which was in good agreement
with the experimental results. However, studies using the Euler-Bernoulli beam
theory have not considered mode II crack. With the introduction of the Timoshenko
beam theory, incorporating shear deformation of the beam, research began
simultaneously considering both the rotational angle discontinuity at the crack and
the transverse displacement discontinuity due to shear deformation [Kim18, Sam19].
Krawczuk et al. [Kra03] introduced a finite spectral element for a cracked
Timoshenko beam, specifically for modal and elastic wave propagation analysis.
They considered both modes I and II crack to derive the local flexibilities associated
with a crack. Loya et al. [Loy06] and Joglekar [Jog20] also based their compatibility
equation for the crack on the discontinuity in the rotational angle caused by the mode

I crack and the discontinuity in transverse displacement caused by the mode II crack.



We have applied the method considering ABMC to a numerical example in Fig. 1.3
[Gud83]. In Fig. 1.4, the black dashed line represents the cracked beam analyzed
using ABMC. The inability to accurately predict all modes, even with the application
of ABMC, serves as evidence that the influence of mode II crack must also be
considered. An important point to note, however, is the absence of research that
addresses axial-bending-shear modal coupling that simultaneously considers the
axial-bending modal coupling in mode I crack and the discontinuity in transverse
displacement due to mode II crack.

Fig. 1.6 organizes the overall structure of the literature review presented in Section
1.3, categorizing it according to the type of beam theory and the presence or absence
of modal coupling.

Axial-bending-shear modal coupling

Axial-bending-shear coupled rod and T-beam model
Not available

Axial-bending coupled rod and E-B beam model | Axial-bending coupled rod and T-beam model
Kang 2016 Gudmundson 1983 (200)"
Dado and Abuzeid 2003 (27)* Bending-shear coupled rod and T-beam model
Krawczuk et al. 2003 (119)"
Loya et al. 2006 (158)"
Euler-Bernoulli Joglekar 2020 (12)* Timoshenko
beam theory h  beam theory
Uncoupled E-B beam model Uncoupled T-beam model 2

Rizos and Aspragathos. 1990 (750)"
Ostachowicz et al. 1991 (432)"

Narkis 1994 (318)"

Fernandez-Saez et al. 1999 (105)*
Fernandez-Saez and Navarro 2002 (55)"
Kasper et al. 2008 (15)"

Lele and maiti 2002 (146)"
Khaji et al. 2009 (72)"
Shafiei and Khaji 2011 (38)"
Wang and wang 2015 (22)*
Altunigik et al. 2017 (24)"
Park and Lim 2018 (11)"
Altunisik et al. 2019 (9)”

Uncoupled
*Citation metric from the Web of Science (WoS)

Fig. 1.6 Literature review based on the type of beam theory and the presence or
absence of modal coupling.



1.4 Significance and Contribution

1. Cracked beam considering modes | and Il crack simultaneously

Inspired by the observation of axial and shear deformations in the bending modes
in Fig. 1.4(b), it becomes evident that an effective predictive model for all cracked
beams with a transverse crack requires the consideration of axial-bending-shear
modal coupling. The compatibility equation that satisfies all discontinuities

occurring in both modes | and II crack can be expressed as shown in Fig. 1.7.

ugp —up = Fyaup + Fupb; (1.2a)
HR — 9L = be9£ + Fbaui (12b)
wg —wy, = Fg(wp — 6,) (1.2c)

where F,,, F,p, and Fp, are the local flexibility coefficients that account for the

mode I crack, and F is the local flexibility coefficient for the mode Il crack.

w Wr

Faau’L + Fabgi A Fon0L + Fypau,
t Ur ) ‘ wg —wy = Fs(wy — 6,) _iw,_
Up — U, = Faaul,, + Fabal,, O 00 = Fonfh + Fot, ¥ NA.
(a) axial displacement (b) rotational angle (c) transverse displacement

Fig. 1.7 The compatibility equations for modes | and Il crack.

Despite the various approaches to consider modes | and Il crack, the lack of
research that simultaneously addresses both modes in predicting the behavior of
cracked beams raises questions. By considering both crack modes, it is expected that
an analytical model will be developed that is capable of perfectly predicting all two-
dimensional beams with transverse cracks, regardless of frequency range or aspect

ratio.
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2. Experiments for simultaneous observation of axial and bending modes

over a broadband range

Several analytical studies have been conducted to predict the modal frequencies
of cracked beams [Lia92, Mor93, Shi99]. In a typical modal frequency measurement
experiment to verify this, the type of vibration mode obtained depends on the
location of the impact, such as an impact hammer. Therefore, to measure the modal
frequencies of the axial and bending modes, conducting experiments with the axial
and bending modes separately is necessary. However, in a recent study, piezoelectric
wafers made of lead titanate (PZT) were used to measure the modal frequencies of
vibration modes [Par03]. These actuator and sensor piezoelectric wafers can generate
or sense Lamb waves for structural health monitoring. A Lamb wave is a type of
elastic wave that occurs in a thin plate or layer and contains the properties of both
symmetric (bending) and anti-symmetric (axial) modes [Liul3]. Therefore,
piezoelectric wafers can be used to simultaneously observe the axial and bending
modes of the beam. The use of piezoelectric wafers allows the simultaneous
measurement of axial and bending modes, which is efficient for observing axial-
bending modal coupling.

In addition to the simultaneous measurement of multiple modes, PZT wafers have
enabled the capture of modal frequencies of cracked beams at higher frequencies
compared with conventional modal testing equipment [Liu20, Bha04, Wor07].
Worden et al. [Wor07] mention that higher modal frequencies are more sensitive to

incipient crack initiation in a beam because the size of the crack that can be detected
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from the changes in system dynamics is inversely proportional to the frequency
range of the excitation. Therefore, to ensure high sensitivity to incipient damage,
PZT wafers were used to measure electrical impedance at high frequencies in the
range of 30-400 kHz. Consequently, while the primary use of PZT wafers is to detect
sensitivity to early-stage cracks, their ability to measure over a wide frequency range

further enhances their utility in comprehensive crack detection scenarios.

1.5 Objectives and Scopes

This study presents an analytical model that accurately predicts the behavior of
two-dimensional beams with a transverse open crack. This study focused specifically
on the analysis of open cracks. The methods and results discussed are only applicable
to open crack scenarios and do not extend to other types of cracks, such as closure
cracks. The conventional method, which assumes that the frequency reduction in
bending modes results solely from discontinuities in the rotational angle at the crack,
overlooks the effects of axial-bending modal coupling and the influence of the mode
Il crack. The proposed method provides a solution to address the limitations of the
conventional method, particularly under low aspect ratios or higher frequency ranges.

Chapter 2 presents a frequency equation that accurately predicts the behavior of
two-dimensional beams with a transverse crack. This method considers the modal
coupling associated with both modes | and Il crack, making it applicable across any
frequency range or aspect ratio. The compatibility equations are derived from the

constitutive equations at the crack and the principles of linear elasticity theory. These
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compatibility equations for a crack allow for discontinuities in axial displacement,
rotational angle, and transverse displacement, considering the necessity of axial-
bending-shear modal coupling. The proposed method for the beam is based on the
derivation of spectral solutions from both the Timoshenko beam theory and the
elementary rod theory. The axial-bending mode characteristics of modes | and 1l
crack are investigated using the proposed method. Finally, the accuracy of the
proposed method is validated through numerical examples for beams with varying
crack locations and by comparing the results with experimental data and finite
element analysis.

Chapter 3 presents a closed-form frequency equation for beams with a crack
located at the bending antinodes. When a crack is located at the bending antinodes,
it is only affected by the mode | crack, eliminating the effects of the mode |1 crack.
Since only the mode | crack is considered, the proposed method applies the
compatibility equation from Chapter 2 by setting the local flexibility F
corresponding to the mode Il crack to zero. Evanescent waves were not considered
to simplify the formula because at high frequencies, evanescent waves have short
wavelengths and tend to decay before reaching other supports or cracks. A numerical
examples featuring a crack located at the bending antinode is used to validate the
proposed method by comparing the results with those of finite element analysis and
experimental data across crack depth ratios ranging from 0 to 0.7. In particular,
examples with an aspect ratio of 19.8 are used to observe the behavior in the less

familiar higher modes.

13



Chapter 4 presents a closed-form frequency equation for beams with a crack
located at the bending node. When a crack is located at the bending node, it is only
affected by mode Il crack, eliminating the effects of the mode I crack. Since only
mode Il crack is considered, the proposed method applies the compatibility equation
from Chapter 2, with the local flexibilities F,,, Fpp, Fup, and F,, corresponding
to the mode | crack set to zero. Similar to Chapter 3, the evanescent waves occurring
at the cracks or supports are disregarded to enhance the simplicity of the formula.
This study uses approximate solutions to investigate how sensitivity to frequency
reduction varies in higher modes. A key area of investigation is understanding the
causes of the frequency reduction at the bending nodes due to the crack formation.
The proposed method is validated by comparison with finite element analysis and
experiment. In addition, the mode shapes were examined to visually assess the
frequency reduction effects, particularly the influence of mode Il cracks at the

bending node.
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1.6 Notations

The symbols used in this study are defined where they first appear in the txet and

whenever clarification is necessary. The most frequently used symbols are listed

below.

adj[ ]
1)
Ur

uy,

gaa
Ibb

gSS

R

Adjugate of the matrix

Angular frequency

Axial displacement of the beam at the right side of a crack
Axial displacement of the beam at the left side of a crack
Axial force

Axial wave number

Bending moment

Bending wave numbers

Change in angular frequency

Characteristic matrix

Compliance coefficient vector

Corresponding configuration correction factor
Corresponding configuration correction factor for axial
Corresponding configuration correction factor for bending
Corresponding configuration correction factor for shear
Crack depth

Crack depth ratio
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Cross-section of the beam

Density of the beam

Displacement jump

Distances from the crack to the left end of the beam
Distances from the crack to the right end of the beam
Elastic modulus

Energy strain energy due to the crack

Energy strain energy of the intact

Energy release rate

Evanescent bending wave number

group velocity of an intact beam

Height of the beam

Internal force vector

Local flexibility coefficients associated with mode I crack

Local flexibility coefficients associated modal coupling of mode |
crack

Local flexibility coefficient associated with mode I crack
Local flexibility coefficient associated with mode Il crack
Maximum crack depth

Modified elastic modulus

NMFS-factor for the mode I crack

NMFS-factor for the mode Il crack
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)

B

Br

nth modal frequency of an intact beam

Phase shift at the left end of the beam according to support
conditions for axial wave

Phase shift at the right end of the beam according to support
conditions for axial wave

Phase shift at the left end of the beam according to support
conditions for bending wave

Phase shift at the right end of the beam according to support
conditions for bending wave

Propagating bending wave number

Phase velocity of an intact beam

Radius of rotation

Rotational angle of the beam at the right side of a crack
Rotational angle of the beam at the left side of a crack
Second moment of inertia

Shear coefficient

Shear force

Shear modulus

Shear wave speed

Spatial differential operator

Stress

Stiffness matrix

Stress intensity factor

Stress intensity factor for axial
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Co

Stress intensity factor for bending

Stress intensity factor for shear

Trace of the matrix

Transverse displacement of the beam at the right side of a crack
Transverse displacement of the beam at the left side of a crack
Variable in which w = &

Vector consisting of 12 unknowns

Wave speed

Width of the beam
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Chapter 2
Cracked Beam with Axial-Bending-Shear Modal

Coupling

A glance at Fig. 1.4 reveals the limited predictive capabilities of conventional
methods, particularly in sections affected by axial-bending modal coupling (ABMC)
and the influence of mode Il crack. In contrast to the conventional method, it is
noteworthy that Gudmundson [Gud83] introduced ABMC due to mode I crack, and
Loya et al. [Loy06] discussed the modal coupling between mode |1 crack and the
bending of mode | crack. However, both studies have limitations in providing
accurate predictions, highlighting the continued necessity to simultaneously consider
the effects of modes | and Il crack. Nevertheless, as mentioned in the introduction,
analytical models that consider both modes | and Il crack are rare. Despite over 40
years of research on cracked beams, it raises questions as to why a generic frequency
equation has not been developed for two-dimensional beams, irrespective of aspect
ratio or crack location. Given the paramount significance of accurate predictions in
structural health monitoring, this study proposes an analytical model universally
applicable to two-dimensional beams with a transverse crack. The model attempts to
provide a frequency equation applicable to any two-dimensional beam with an open
transverse edge crack, regardless of its specific characteristics, using compatibility
equations that consider both modes | and Il crack simultaneously, as exemplified in

Eq. (1.2).
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2.1 Cracked Beam Modeling

Fig. 2.1 depicts the Timoshenko beam with a transverse crack. The supports are
arbitrarily configured as simply supported beams. The crack is positioned at an
arbitrary location, denoted at point C in Fig. 2.1, with the distances from the crack
to the left and right ends of the beam denoted as a and b, respectively. The
compatibility equations at the crack include both modes | and Il crack, as expressed
in Egs. (1.2a)-(1.2¢).

. A C B
transverse crack
th d JL|/v

f %

|
a ! b

Y
A4 A 4

Fig. 2.1 Cracked beam model.

2.1.1 Deriving Local Flexibility

The local flexibility used in Eq. (1.2) can be derived from stress intensity factors,
which are fundamental in fracture mechanics. The stress intensity factor for a beam
with a transverse crack at the beam edge can be expressed as [Tad73]:

K;; = ovmag;;(@) (2.1)

where K;;

ij» 0, a, @, and g;; represent the stress intensity factor, stress, crack

depth, crack depth ratio, and corresponding configuration correction factor,
respectively.

Eq. (2.1) expresses the stress intensity factors for a beam under axial force and
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bending moment, which are characteristic of the mode I crack, and those resulting

from shear force, which are characteristic of the mode 11 crack.

P

Koq = ﬁ Vnagaa(a) (2-23)
6M

Kpp = —Vmagp, (@) (2.2b)
wh
KV

Kss = Wh Vrragss(a) (2.2¢)

where K,,, Kyp and K, represent the stress intensity factors for axial, bending,
and shear, respectively. P, M, and V represent the axial force, bending moment,
and shear force, respectively. w and h denote the width and height of the beam,
respectively.

The corresponding configuration correction factor was adopted from Tada
[Tad19]. However, for g, because the stress distribution of shear traction on the
crack surface does not follow a parabolic shape in Tada’s work, gss was obtained
using finite element analysis software. Further details of this calculation are provided

in Section 2.1.3.

3

Vo 2 tan CTT&) 0.752 + 2.02a + 0.321.0 — sin (”Ta)} 2350
Ta CoS (T)
2tan (%) 0.923 + 0199 {1.0 — sin (F))"
e el
7
Jss = 2.7432a* — 0.76215a3 — 3.4008a? + 4.7267a
(2.3c)

+ 0.00063872

The energy release rate J(A) is related to the squared sum of the stress intensity
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factors for each crack mode [Dar04].

1
J4) = F{(Kaa + Kbb)z + (Kss)z} (24)
where E’ represents the modified elastic modulus. In the case of plane stress, E' =

2
E, while for plane strain conditions, E’ is defined as 1Tv with v being Poisson’s

ratio.

By substituting Eq. (2.2) into Eq. (2.4), the energy release rate of the plane strain
conditions for axial deformation, bending deformation due to mode I crack, and
shear deformation due to mode Il crack can be represented as follows:

na

J(A) = —{P?g2. (@) + 12MPg,, (@) gpp (@) + 36M? g2, (@)

EA? (2.5)
+ K2V gZ(a)}

Using fracture mechanics principles, the elastic strain energy due to the crack can

be determined from the energy release rate.

Ue =f J(A)dA (2.6)
A

where U€ represents the elastic strain energy due to the crack.
The strain energy at the crack in a two-dimensional beam is represented by

substituting Eq. (2.5) into Eq. (2.6).

w
Ue = f ‘ f 2 % (242 (&) + 12MPgaq(@)gny (@) + 36M2g2, (@)
. %EAZ aa aa 2.7)

+ k2V2gZ(2)}dadp

where d are the maximum crack depth, respectively. The area integral is performed
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over microelements with the vertical axis defined as « and the horizontal axisas S,
for the crack depth “d” and width “w”

The compliance coefficients are derived using Castigliano’s theorem, and the
process is elaborated in Appendix (A1) [Pap87].

0%U°¢
“U = 3pap,

(2.8)

The compliance coefficients for the axial mode, bending mode, axial-bending
modal coupling due to mode | crack, and shear mode due to mode Il crack can be

formulated as follows:

f J‘z m —{P?g2,(@) + 12MP g, (@) gpp (@)
w E A2 aa aa bb (2.9&)

+ 36MzgmJ (@) + k*V2gZ(a)}dadp

“aa = aPaP

2 T 5
Cob = 6M6Mf waAZ {P 94a(@) + 12MP g4 (@) gpp (@)

(2.9b)
+ 36M2g§b (@) + k*V?gZ(a)}dadp
2 T
— 2
Cab = Cpa = aPaMf _[WEAZ {P g (a) + 12Mpgaa(a)gbb(a) (2.9C)

+ 36M2gbb(é) + k2V2gZ(@)}dadp

ffz T {(P2g2,(@) + 12MPgaa(@) gy (@)
WEAZ aa aa bb (2.9d)

+36M2 g5, (@) + k*V?gZ(a)}dadp

Css = avav

ZTI,'C{

P?2g2,(@) + 12MP g, (@) gy (@)
WEAZ { daa Yaa ) (2.96)

+ 36M2gbb(a) + k2V2gZ (@) }dadp

Csa = Csa = 5yap
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92 (%7 na 5 o _ _
Csp = Cps = W.’; ."_%W{P 94a(@) + 12MP g4 (@) gpp (@) (2.9
+36M2% g2, (@) + k*V2 g% (a)}dadp
The compliance coefficients corresponding to modes | and Il crack can be

expressed by rearranging Eq. (2.9).

2mh ‘_i_ 9 -
Caa =7 . agiqda (2.10a)
6mh 4
ET J,
T[hz a_ B
Cap = Cpa = ﬁj @ JaaJppda (2.10c)
0
2mK2h (¢ _
Css = —p7 J;) ags da (2.10d)
Csq = Cas = Csp = Cps = 0 (2.10e)

where d = % denotes the maximum crack depth ratio. Eq. (2.10e) represents the

compliance coefficient for modal coupling between modes I and II crack, which has
a value of zero. This indicates that there is no modal coupling by compliance due to
the different crack modes.

The local flexibility corresponding to modes I and Il crack is the product of the

compliance factor and stiffness parameter, which can be expressed in matrix form as

follows:
Fou Fop O EAc,q Elcyp 0
Fpa Fpp O [=[EAcyq Elcpp 0 (2.11)
0 0 Fi 0 0 —KkGACg;

where the local flexibility matrix is obtained by deriving the compatibility equation
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in Section 2.1.2. Because cy; = Cqs = Csp = Cps =0, Fyq, Fis, Fgp, and F
were left out.
Substituting Eq. (2.10) into Eq. (2.11) yields the local flexibilities corresponding

to modes | and Il crack, as required for Eq. (1.2).

a

Fuu = 27rhj @ gi.da (2.12a)
0
a
0
a
Fab = T[hzf &gaagbbd& (212C)
0
a
Fba = 127'[.[ dgaagbbdﬁ( (212d)
0
me*h (F_
Fs = N ags da (2.12¢)

2.1.2 Deriving the Compatibility Equation

The compatibility equations in Eq. (1.2) can be obtained by employing the
constitutive equation of the crack combined with the linear elasticity theory of the
beam.

The constitutive equation of the crack is expressed as follows [Dad03]:

where P, ki and Au; denote the internal force, stiffness matrix, and

displacement jump, respectively. i and j represent the direction of the forces or

displacements, respectively.
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The displacement jump in Eg. (2.13) can be rewritten using the compliance
coefficients, which are the inverses of the stiffness vector.

uf —uf = c;;P; (2.14)

where ¢;; is the compliance coefficient, representing the inverse of the stiffness
matrix (k;j).
Eq. (2.14) can be expanded to include the displacements, compliance coefficients

and internal forces that occur at the crack due to modes | and Il crack.

Ugp — U Caa Cab Cas](P
{9}2 - GL} = [Cba Cob  Cbs {M} (2.15)

Wr — W Csa Csp  Cssl\V

where aa, bb, and ss denote the axial, bending, and shear, respectively, while
ab(or ba), as(or sa),and bs(or sb)denote the axial-bending, bending-shear, and
axial-shear modal couplings (i.e., ¢4, is the compliance coefficient corresponding
to the axial mode influenced by bending, c;,, is the compliance coefficient for
bending mode influenced by axial). Due to the absence of modal coupling between
distinct crack modes, specifically between modes I and II crack, the compliance
coefficients c,g, Cgq, Cps» and cgp are zero, according to Castigliano's theorem, as
expressed in Eq. (2.10).

Up — U Caa Cab 0
{HR - HL} = [Cba Cpb 0

Wr — Wp, 0 0 Cgs

P
] 219
%4

The internal force is obtained from the linear elasticity theory of the beam.

P EAu;
{M} = Ele,, (2.17)

|4 —kGA(w] — ;)
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where E, I, G, k, and A denote the elastic modulus, second moment of inertia,
shear modulus, shear coefficient, and cross-section of the beam, respectively.

Substituting Eq. (2.17) into Eq. (2.16) gives:

Ug — Uy Caa Cap O EAu;
{9,3 — eL} - [cba cpp 0 ] ACH (2.18)
WR — W, 0 0 col|—KkGA(W] —6))

By inserting the stiffness parameter in Eq. (2.18) into the compliance coefficient
matrix and expressing it in terms of the local flexibility matrix in Eq. (2.11), the
compatibility equation can be expressed as follows:

Ugp — Uy Foq Fap O

Wi — Wy, 0 0 F,

uj,
o (2.19)
wi, — 6y,

2.1.3 Calculation of F

The local flexibility F; corresponding to the mode II crack includes the
corresponding configuration correction factor g, which accounts for the shear
traction acting on the crack surface. In Tada [Tad73], gss is based on the
assumption that shear stress is either uniformly distributed across the crack surface
or concentrated. However, upon applying a vertical load to the free end of the
cantilevered beam with a center crack through a finite element analysis program and
the crack surface was examined, it was found that the shear traction has a parabolic
distribution.

Jss 1S closely related to the stress intensity factor Ky in Eq. (2.9¢). The value of

K¢ with parabolic shear traction distribution can be calculated using the
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commercial finite element package ABAQUS-Standard [Leel18]. A unit vertical load
is applied to the free end of a cantilever beam with a central crack and the stress
intensity factor K., is determined for each crack depth ratio using the contour
integral method in the finite element analysis program. The crack depth ratio varied
from 0.1-0.7, and the size of the beam used for this analysis was b= 198 mm, h=
10 mm. gss can be calculated by inserting the dimensions of the beam and the load
value (V = 1) into Eq. (2.9¢).

Table 2.1 shows K evaluated from the contour integral method provided in
ABAQUS-standard and g, obtained from Eq. (2.9c¢).

Table 2.1 Ky evaluated from the contour integral method provided in ABAQUS-
standard and ggs obtained from Eqg. (2.9¢)

Crack depth ratio K. (N-m™) Jss
0.1 209.68 0.44040
0.2 544.63 0.80886
0.3 915.09 1.1097
0.4 1305.7 1.3712
0.5 1695.8 1.5928
0.6 2098.9 1.7997
0.7 2571.3 2.0412

Jss 1s expressed as a fifth-order polynomial for the crack depth ratio & by
interpolating the numerical results in Table 2.1:

Jss = 2.7432a* — 0.76215a% — 3.4008a? + 4.7267a

+ 0.00063872 (2.20)

F,; obtained by substituting Eq. (2.20) into Eq. (2.12¢) is calculated using the

Gauss quadrature rule.
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2.2 Spectral Solution

2.2.1 Axial Motion

Based on the elementary rod theory, the axial wave motion in a beam is described

by the following dispersion equation:
k (2.21)

where p, w, and k denote the density of the beam, angular frequency, and axial
wave number, respectively.
The spectral solution for the axial displacements along the neutral axis of the beam

is structured in two parts at each side of the crack [Doy89].

u,(xy) = Aje~k@=x1) 4 4, g=ikxs (2.22a)

ug(x,) = Bye ¥z 4 B, k(b=x2) (2.22b)
where A4, A,, By, and B, represent the propagating bending wave motions.

2.2.2 Bending Motion

Based on the Timoshenko beam theory, the bending wave motion in a beam is

described by the following dispersion equation [Fun65].

k* 2 (2 + ! k? + o o’ 0
-+ _— | =
¢ cgc  cir? (2.23)

where k represent the bending wave numbers. ¢y, ¢4, and r denote the wave

speed, shear wave speed, and radius of rotation, respectively.
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(2.24)

There are two types of k, and k. represent the propagating and the evanescent
bending wave numbers, respectively. However, it is important to note that the

following equation is valid only when the modal frequency is below the cut-off

frequency (67‘7 .

2
= [P VXT—4Y (2.253)
p 2
— A Y2 —
2

where X and Y are parameters representing common values used to simplify the

expression of the bending wave number and are composed as follows:

X = w? (i + i) 2.26
B ¢ 2 (2.263)
w* w?
Y= — (2.26h)

- cdc? c2r?
Similar to Eq. (2.22), the spectral solution for transverse displacements and the

rotation angle of the beam is divided into two parts corresponding to the left and

right sides of the crack [Mei05].

wy(x;) = Aze HFp(@=x1) 4 4, o= tkpX1 4 g e ke(@=%1) 4 4 o keXs (2.27a)
wg(x;) = Bye *v*2 4 B e~ kp(b=%2) 4 B g~keX2 4 B g~ke(b=X2) (2.27b)
0, (x;) = —iPAge™*p(@~%1) 4 jpA, e~ thp*1 — NAge~ke(@=%1)
+ NAge™1
O (x;) = —iPBse~*v*2 4 iPB,e~tkp(b=X2) — Np e ~ke¥
+ NBge ke(b=x2)

(2.27¢)

(2.27d)
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where A;, A4, Bs,and B, represent the propagating bending wave motions while
As, Ag, Bs, and Bg represent the evanescent bending wave motions. P and N
are the coefficients relating the rotational angles to the transverse displacement,

respectively.

(1)2
P=k,|1-——s
» < k,?,cg> (2.28a)
0)2
N=k, 1+
(1+2) -

2.2.3 Dynamic Behaviors

Eq. (2.22) contains four unknowns—A;, A4,, By, and B,—all of which represent
propagating axial motions. In contrast, Eq. (2.27) contains eight unknowns : A, A,
Ag, Ag, B3, By, Bs, and Bg. Among these, A5, A4, B3, and B, correspond to
propagating bending motions, whereas Az, Aq, Bs, and By are associated with
evanescent bending motions. Fig. 2.2. shows unknowns representing axial and

bending motions of a cracked beam through a dual coordinate system.

A —> B axial

! Ay < By<«—i J mode
Az EH i—» B3 ‘

: Ay < By<—1 | bending
As s> > Bs mode

: Ag «\y Béqf\J}

A 1 i
T
h 4 /,transverse crack
s d . \

| *1 X2 ‘/

\ a ‘ b \

‘

L
—» propagating mode ~* evanescent mode

Fig. 2.2 Unknowns representing axial and bending motions of a cracked beam
through a dual coordinate system.
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2.3 Deriving the Frequency Equation

There are a total of twelve unknowns in Egs. (2.22) and (2.27). The frequency
equation can be derived using twelve equations that satisfy these unknowns,
including three compatibility conditions, three equilibrium equations at the crack,
and the boundary conditions at each support.

The compatibility equations representing the discontinuities in the axial
displacement, transverse displacement, and rotational angle on both sides of the
crack are as follows:

(i) Compatibility of axial displacement

ug — Uy, = Faqup, + Fapb),

= (1 — ikFyq)Ar1e” ™ + (1 + ikFyq)Ay — Fop(kyPAze™ %0 (2.29)
+ ky,PAy — koNAse™%e® — k,NAg) — B; — Bye~ kP
=0

(i1) Compatibility of transverse displacement
wg —wy, = Fg(wp — 6,)
= {1 —i(k, — P)Fs}Aze ™ + {1 + i(k, — P)F}A, (2.30)
+ {1 - (ke _'N)Fss}ASe_kea + {1 + (ke - N)FSS}A6
— By — Bye %pb — B, — Bge kel = 0
(ii1) Compatibility of rotational angle
Or — 0, = Fypp0L + Fpauy,

= ikFyq(Aye™*% — A,) + (iP + kypPFy,)Aze ™0
— (iP — kyPFyp)Ay + (N — ko NFp,)Ase*e?
— (N + k NF,,)Ag — iPB; + iPB,e~*»? — NB
+ NB6e_keb = O

(2.31)
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The equilibrium equations considering the continuities of the axial force, shear
force, and moment on both sides of the crack are as follows:

(i) Axial force equilibrium

EAu; = EAug
, ' (2.32)
ﬁ Ale_lka - AZ - Bl + Bze_lkb = 0
(ii) Shear force equilibrium
KGA(—w] + 6, +wp —60g) =0
= —i(P — ky)Aze * »® +i(P — k,)Ay + (ko — N)Age™*e? (2.33)
— (ke = N)Ag + i(P — k,)Bs — i(P — k) Bye P
— (k, — N)Bs + (k, — N)Bge %P = 0
(ii)) Moment equilibrium
EI8; = EI6},
= k,PAze~*p® + k,PA, — k,NAse %% — k,NAs — k,PB; (2.34)

— k,PB,e™"*»? + k,NBs + k,NBse et = 0
The equilibrium and compatibility equations at the crack are identical for a beam
with a transverse crack at the beam’s edge. However, the boundary conditions differ
depending on the configuration of the supports. The boundary conditions for each
support condition, except the simply supported condition, are detailed in Appendix
(A2). For the simply supported beam discussed in Fig. 2.1, the boundary conditions
at Support A and Support B on both sides of the crack are as follows:
(1) Axial displacement boundary condition at A
u, =0

_ (2.35)
= Alelka = _AZ
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(i) Transverse displacement boundary condition at A

wp = 0
, (2.36)
= Ag + Ae 0% + A + Ageke® = 0
(iii) Moment boundary condition at A
EI8] =0
. (2.37)
= —kpPA3 — k,PAe ™™ + k,NAs + keNAge™*e* = 0
(iv) Axial force boundary condition at B
EAuk =0
' (2.38)
= Bz == Ble_lkb
(v) Transverse displacement boundary condition at B
WR = 0
_ (2.39)
= Bye *»? + B, + Bse7ke? + B, =0
(vi) Moment boundary condition at B
EIfp =0
. (2.40)
= —k,PBze *»? — | ,PB, + k,NBse % + k,NBg = 0
2.4 Frequency Equation in Matrix Form
Eqgs. (2.29) to (2.40) can be expressed in a matrix equation as follows:
Cw=0 (2.41)

where C and w represent the characteristic matrix and vector consisting of 12

unknowns (i.e., A;-Ae and B;-Bg), respectively. The non-zero components c;;
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in the characteristic matrix C of a simply supported condition can be represented by
the twelve equations from Egs. (2.29) to (2.40).

c11 = (1 —ikFp)e ™9, c;, =14 ikFy,, ¢35 = —Fgpk,Pe™*p®
C14 = —FapkpP, 15 = FapkeNe et ¢ o = FopkoN, ¢ = —1
18 =—e ¥ c,5={1—1i(k, — P)F e *»®

Cpa = i(ky = P)Fys + 1, ¢p5 = {—(ke — N)Fy5 + 1}e ket

o6 = (ke = N)Fys + 1, co9=—1, cz10 = —€ ¥, ;4 = -1
€212 = —ekeb, €31 = ikF,qe~ %, C32 = —ikFp,

¢33 = (iP + kyPFyp)e %2, c3, = —iP + k,PFyy

c35 = (N — koNFpp)e %, ¢34 =—N — koNFyp,, c39 = —iP

— :ip,—ikyb _ — N ,—keb _ —ik
€310 = Pe”"P7, €319 = —N, c312 = Ne ™", ¢,; = e tea

_ _ _ ,—ikb — —ikya
Ca2 =1, 47 =—1, cyg=e""", c535= _l(P - kp)e P

— _ —ikea _ .
csa = i(P—ky), cs5= (ke — N)e~ed, ¢ = —(ko — N) (2.42)

C59 = i(P - kp)a C5,10 = —i(P - kp)e_ik”b, C511 = —(ke —N)
Cs12 = (ke — N)e_k“’b, Ce3 = kppe_lkpa, Cea = ka

C6,5 == _keNe_kea, C6,6 = _keN, C6,9 = _kpp
=—k P —ikpb =k.N =k.N —keb — L,lika
Ce,10 = ple » Ce11 = KelV, Cg12 = KelVE » €71 =€
_ _ —_ ,—ikya _ — ,—kea
C72=1,cgz3=1, cga =€ "P% cgs =1, cgg=e€""¢
— _ —ik,a _ — —kea
Co3 = —ka, Coq = —kae P4 Cg5 = keN, Cgg = koNe e
_ ,—ikb _ _ ,—ikpb _
Ci0,7 = € , €108 = —1, Ci119=€ "P", ¢1110=1
— ,—keb _ _ —iky,b _
Ci111 =€ "¢, 1112 =1, €129 = —kae P%, C12,10 = _ka

_ —kob _
Ci211 = keNe ™, 1515 = kN

Note that the characteristic matrix for the other support conditions can be derived by
substituting the last six rows of the characteristic matrix for each support condition,
as described in Appendix (A3).
w is a non-trivial solution in Eq.(2.41), which requires the determinant of C to
be zero for the equation to be valid.
det[C] =0 (2.43)

The modal frequencies can be determined by finding the values that satisfy Eq.
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(2.43). As a result, Eqg. (2.43) is the frequency equation considering modes | and Il
crack. Since Eq. (2.43) is a nonlinear equation with respect to w, the Newton-
Raphson (N-R) method is used to effectively iteratively calculate the modal

frequencies that satisfy EQ. (2.43).

2.5 Newton-Raphson Method for Solving the Nonlinear Equation

2.5.1 Newton-Raphson Iteration Process

By defining the det[C] in Eq. (2.43) as y, it can be linearized with respect to w

as follows:
dy;
Vis1 ®Yj + a—ajAw =0 (2.44)
where y; and % represent Y|w=w]- and :_Z , respectively, with j denoting
w=wj

the iteration number in the N-R method. Aw represents a change in angular

frequency, which can be determined by rearranging Eq. (2.44).

oy 2.45
Aa)=—y]- % ( )

The angular frequency is determined by adding the change in the angular

frequency obtained from Eq. (2.45) to the previous angular frequency, as follows:
wjy1 = wj +Aw (2.46)

The N-R iteration is performed until the convergence criterion of 1077 is

satisfied, using Eqgs. (2.44) to (2.46).
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I < e=10"7 (2.47)

W1
2.5.2 Derivatives Used in the Newton-Raphson Method

The derivative Z_Z) used in Eq. (2.44) can be expressed by applying the chain rule.

dy OJdydk 0dy dk, 0y dk, dydP dyoN
30~ okdw ok, dw | 9k, dw T 9P9w T INdw (2.48)
where k is the wavenumber derived from the axial spectral solution, independent

of ky, k., P and N.However, kj, k., P,and N are interrelated factors derived

together from the bending spectral solution. Note that when all factors are applied to
the chain rule, each factor must be considered as an independent entity in the

calculation.
The derivative % in Eq. (2.48) can be determined by differentiating Eq. (2.21)

with respect to w.

9%k _[p (2.49)
ow E

To derive the derivative % in Eq. (2.48), the following steps are undertaken:
Firstly, by squaring k,, in Eq. (2.25a), one of the square roots is removed.

2k2 — X = X2 —4Y (2.50)
Secondly, squaring Eq. (2.50) allows for rearrangement in terms of k,,.

kp —kiX ==Y (2.51)

Finally, differentiating Eq. (2.51) with respect to w yields %.
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0kp 1 (dY 2 dX)

0w 2Xk, — 4k3\dw P dw

(2.52)

ay

The derivatives Z—f) and - in Eq. (2.52) were calculated by differentiating Egs.

(2.26a) and (2.26b) with respect to w.

dX 1 1

E =2w (g + 3) (2533.)
dY 40w’ 2w

10 = ﬂ - % (2.53b)

The derivative % in Eq. (2.48) can be obtained by applying the same procedure

used for determining % to Eq. (2.25b), following the steps outlined in Eq. (2.50)

through Eq. (2.52).

Ok, 1 (dY , dX)

e (k2= 2.54
w 2Xk, + 4k \dw °dw (254)

N

The derivatives g—z and ™ in Eq. (2.48) are calculated by differentiating Egs.

(2.28a) and (2.28b) with respectto w:

oP_dky 1 (. ky e
dw Odw kicz O T 50 ¢ (2.553)

aN_(')ke_l_ 1 (2 I dk, 2)
dw  dw  kick @he ™ 3w ¢

(2.55b)

The derivatives of y in Eq. (2.48) with respectto k, k,, k., P,and N can be

calculated using Jacobi's formula, respectively [Mag19].

dy aC
- = i[Cl— 2.56a
YR tr[adj[C] 3 k] ( )
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aa—:p = tr[adj[C] ;Tcp] (2.56b)
aa ky = tr[adj[C] ; :e] (2.56¢)
Z—ij = tr[adj[C] Z_IS] (2.56d)
2—13\', = tr[adj[C] 2_1(\:1] (2.56¢)

where tr[ ] and adj[ ] denote the trace and the adjugate of the matrix,

oc 9c  oc acC

. . . — ac
respectively. The matrix representations of the derivatives 3% iy iy aP,and P

are elaborated in Appendix (A4).

2.6 Validation

2.6.1 Numerical Example

The proposed method is validated through comparing it with finite element
analysis and experimental results. Fig. 2.3 shows the geometry of the cracked beam
adhering to the standard specification for the single-edge bend specimen in ASTM
E1820 [Ast15]. The length, height, and width of the beam are 168 mm, 40 mm, and
10 mm, respectively. The beam is free at both ends, which is easier to implement in
experiments than the simply supported or fixed-free support conditions. The beam is
made of aluminum with an elastic modulus, Poisson's ratio, and density of 69 GPa,
0.34, and 2700 kg/m?, respectively. The crack is positioned at the center of the beam
and 0.45 L from the left side of the beam, as shown in Fig. 2.3(a) and (b), respectively.

The crack depth ratio varies in increments of 0.1, ranging from 0 to 0.7. When the
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crack is located at the center of a free-free intact beam, its location always aligns
with the antinodes of the odd-numbered axial and bending vibration modes, or with
the nodes of the even-numbered axial and bending vibration modes. Consequently,
the modal behavior of a free-free beam with a center crack is contingent on both the
number and type of vibration modes. Table 2.2 presents the contributions of modes
I and Il crack to the four types of vibration modes, based on the compatibility
conditions in Eq. (1.2). At the center of the beam in the odd-numbered axial and
bending modes, where w; — 6, = 0, only the mode I crack causing ABMC affects
both vibration modes, whereas the mode Il crack does not. Conversely, in even-
numbered axial and bending modes, where u; = 6; = 0 at the center of the beam,
only the mode 11 crack causing the sliding crack mode affects both even-numbered
bending vibration modes, while the mode | crack does not. Notably, the mode Il
crack does not affect the even-numbered axial modes when there is no ABMC due
to the mode I crack. Considering this, an examination of the modal behaviors of the
cracked beam in Fig. 2.3(a) will distinctly reveal the individual contributions of

modes | and Il crack to the local vibration at the crack.

Crack depth ratio (§) = % =0~0.7 Crack depth ratio () = % =0~0.7

40mmI dT| 40mmI dT|

crack crack
| i} | L L |
| 84mm B 84mm | [ 78.6mm ! 89.4mm ]

f 168mm ! f 168mm ‘

(a) located at the center of the beam (b) located 0.45L away from the left
end of the beam

Fig. 2.3 Numerical example for free-free beams with a transverse crack.

Compared to Fig. 2.3(a), the crack position in Fig. 2.3(b) is deliberately arranged

to avoid overlapping with either the antinodes or nodes of the first five bending
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modes, which are observed below the cut-off frequency of an intact beam.

Table 2.2 Contribution of modes I and Il crack to the four kinds of vibration modes
of a free-free deep beam with a center crack based on the compatibility conditions

Mode I crack Mode II crack
Vibration mode
Faaul: beel: Fab 91’, Fbaulc Fss (Wl: - HL)
Oddjnumbered o o o o X
axial mode
Odd—pumbered o o o o X
bending mode
Even.—numbered X X X X X'
axial mode
Even—pumbered X X X X o
bending mode

Note: At the center of a free-free beam, u; = 6, = 0 in even-numbered axial and
bending vibration modes while w; — 8, =0 in odd-numbered axial and bending
vibration modes.

*Although F,;(w] —6,) # 0, Eq. (1.2c) does not affect the even-numbered axial

vibration modes in the absence of axial-bending modal coupling owing to mode I crack.

Investigating the modal behaviors of the cracked beam in Fig. 2.3(b) will
demonstrate the fully combined effects of modes I and II crack on the local vibration
at the crack when the crack aligns with neither the axial and bending antinodes nor

the axial and bending nodes of the intact beam.

2.6.2 Experimental Setup

Aluminum beams with crack depth ratios ranging from 0.1 to 0.7 were used in the

experiment, as shown in Fig. 2.4(a). Ensuring the reliability of the modal frequency
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of an intact beam is crucial for determining the fractional reduction in the modal
frequency caused by a crack. Therefore, the mean value of the modal frequencies
measured from the four intact beams is used. The crack located at the bottom of the
beam was manufactured in the form of a 0.3 mm wide notch aligned with a specific
crack depth, as shown in Fig. 2.4(a). The crack depth was incrementally increased
by 4 mm up to a maximum depth of 28 mm. As shown in Fig. 2.4(b), piezoelectric
wafers (Piezo Systems Inc. PSI-5A4E L10 mm x T0.191 mm x W10 mm) was
attached to the top and bottom of each beam to collect the dynamic response of the
beam using the pitch-catch method [Psil9]. A sensing piezoelectric wafer were
attached at the top of the beam, and an actuating piezoelectric wafer was attached at
the bottom. The piezoelectric wafers were attached 48 mm away from each end of
the beam, as shown in Fig. 2.4(c). Strategically positioned to minimize overlap with
the bending nodes and antinodes of the beam, this arrangement ensures their ability
to efficiently drive signals in all axial and bending modes below the cut-off
frequency of the beam. To simulate free boundary condition, two strings were
suspended 1 cm away from each end of the beam s (Fig. 2.4(d)) [Kas08]. A chirp
voltage input signal with a driving frequency range of 1 to 130 kHz was applied to
the actuating piezoelectric wafer using a 16-bit arbitrary waveform generator (NI
PXI1-5422). The duration and amplitude of the chirp-voltage input signal were 1 s
and 6 V, respectively. The output voltage signal was obtained from the sensing
piezoelectric wafer using a 14-bit high-speed digitizer (NI PXle-5122). The

sampling rate and frequency resolution were 5 MHz and 1 Hz, respectively. The
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measurement time for determining the frequency resolution was set to 1 s to provide
a sufficient duration for the dynamic response of the beam to decay. The
measurement data was obtained by conducting 10 measurements of the output
voltage signal using the LabVIEW™ software and then calculating the average of
the results. All experiments were conducted using a temperature chamber where
25°C was maintained to minimize unexpected variations in the measured modal

frequency due to external temperature changes. Fig. 2.4(e) shows the average output

(front view) (tOp view)
intact 16mm .-
EEEE-AEK
o — crack 2o (sensor)
8mm 24mm (bottom view) Piezoelectric wafer
12mm 28mm =
| |

(a) set of eight aluminum beams with  (b) sensing and actuating piezoelectric
crack depth increments of 0.1 wafers mounted on an aluminum beam

48mm
i

10mm

48mm

= & 3 ) |
(¢) piezoelectric wafers attachment (d) beam suspended in two strings to
position and size simulate the free-free support condition
0.15 BM1 BM2 AM1 BM3 AM2 BM4 BM5 10°
. | i A s : BML P BM3 AM2
> 014 10 BMS|
‘g_0.0Sf S 2
E > 107
g o ‘g BM4
g 0.05 = VU
5005 g
= -0.14 < 104
-0.15 T T T T 105 T T T T T T T
0 0.04 0.08 0.12 0.16 0 5 10 15 20 25 30 35 40
Time (sec) Frequency (kHz)
(e) example of intact beam average (f) frequency response spectrum of (e)
output voltage signal and modal frequencies

Fig. 2.4 Experimental setup.

voltage signal obtained by conducting 10 consecutive measurements on an intact
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beam. The dotted lines indicate the moment when the modal frequencies of the axial
and bending modes in the intact beam match the driving frequency of the input chirp-
voltage signal. Letters “AM” and “BM” represent the axial and bending modes,
respectively (e.g., BM5 denotes the fifth bending mode). The output voltage signal
in Fig. 2.4(e) can be represented as a frequency-response spectrum using Fast Fourier
Transform (FFT), as shown in Fig. 2.4(f). The corresponding modes for each peak
frequency in Fig. 2.4(f) were identified by comparison with the finite element

analysis results.

2.6.3 Finite Element Analysis Setup

Finite element analysis was conducted using ABAQUS 2022/Foundation. A mesh
layout (672,000 8-node solid element L100 um x T100 um) was used for element
discretization to accurately calculate the changes in modal frequencies. Double
nodes were introduced along the crack surfaces to simulate the mechanical behavior
of a transverse open crack. The finite element analysis was conducted by
incrementally increasing the crack depth ratio from the intact beam to the beams with

a crack depth ratio of 0.7 with an increment of 0.1.

2.6.4 Case 1: Free-Free Beam with a Center Crack

Table 2.3 lists the mean values of the experimental modal frequencies of the four
intact beams. There were two axial modes and five bending modes under the cut-off

frequency. Table 2.3(b) presents the fractional reduction in the modal frequency of
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the cracked beam compared to that of the intact beam.

Table 2.3 Experimental results for the cracked beam in Fig. 2.3 (a): (a) The values
of experimental modal frequencies of four intact beams (unit: kHz); (b) Fractional
reduction in the modal frequency of cracked beams compared to that of the intact
beam (unit: %)

rack depth

Mod "o | Tntact® | 0.1® 020 | 03® | 04® | 0.5 | 0.6® | 0.7®
odae

No.
BM1 6.381 3.044 10.237 20.17 31.53 43.93 56.33 68.36
BM?2 14.28 -0.06478 0.1243 0.6706 1.784 3.843 6.99 11.61
AMI1 15.29 1.005 4.020 8.532 13.87 19.58 25.30 31.28
BM3 23.07 1.106 3.144 4.838 5.775 6.113 6.178 6.208
AM2 30.29 -0.09408 -0.02806 -0.1106 | -0.1172 | -0.1997 | -0.2063 | -0.2096
BM4 31.40 -0.05334 0.06767 0.6313 1.826 4.529 9.319 15.43
BMS5 38.87 1.3454 4.636 8.566 11.79 14.22 16.04 17.45

Fig. 2.5 shows a comparison of the normalized modal frequency (NMF) with the
crack depth ratio for the odd-numbered modes, which are obtained from the proposed
method (Eq. (2.43)), conventional method, method considering ABMC, finite
element analysis, and experiment. Here, the NMF is defined as the ratio of the modal
frequency of the cracked beam to that of the intact beam. Because only mode I crack
caused by pure bending vibration is considered in the conventional method, as listed
in Fig. 1.6, the corresponding frequency equation for the bending modes can be
easily derived by substituting F,, = F,p = F,, = F;s = 0 into the characteristic
matrix in Eq. (2.43). Similarly, the conventional frequency equation for the axial
modes can be obtained by substituting Fpp = F,;, = Fpqy = F;s = 0 into the

characteristic matrix in Eq. (2.43), such that the mode I crack caused by the pure
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axial bending vibration can be considered. The modal frequencies can be calculated
using the N-R method, as described in Section 2.5. The black solid and dotted lines
represent the NMF of the axial and bending modes calculated by the proposed and
conventional methods, respectively, and the symbols “X” and “o0” denote the NMF
obtained from the finite element analysis and the experiment, respectively. Note that
the normalized modal frequency shifts (NMFS) obtained from Eq. (2.43) considering

only the mode | crack (i.e., F;; = 0) is depicted as “[_J” in Fig. 2.5. Overall, the

results of the proposed method agree well with those of the finite element analysis
and experiment. Both the conventional and proposed methods demonstrate a
consistent trend in modal frequency reduction for crack depths less than 0.2.
However, the differences in the reduction trends between the two methods become
more pronounced as the crack depth ratio exceeds 0.2. The discrepancy between the
proposed and conventional methods occurs due to the ABMC caused by mode I crack,
which is not accounted for in the conventional method. A comparison between the
NMF of the first axial mode in Fig. 2.5(b) and that of the third bending mode in Fig.
2.5(c) reveals that the axial mode displays a more substantial deviation from the
conventional method than the adjacent bending mode. Thus, the axial mode within
the frequency range of interest is considerably affected by the ABMC, underscoring
the importance of accounting for its impact, just as with the bending mode. Note that
the first axial mode is situated between the first and third bending modes, leading to
the influence of the ABMC on both bending modes. Because the significance of

ABMC increases with increasing mode number, its effect is more pronounced in the
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third bending mode than in the first.
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Fig. 2.5 Comparison of NMF of odd-numbered modes with respect to crack depth
ratio (—: proposed method [Eq. (2.43)], — —: conventional method, []: Eq.
(2.43) with Fg, = 0, x: finite element analysis, 0: experiment).

Similar to Fig. 2.5, Fig. 2.6 shows the NMF with the crack depth ratio for the even-
numbered modes. The symbols used in Fig. 2.6 are identical to those used in Fig. 2.5.
The NMFS obtained using Eq. (2.43) considering only the mode Il crack (i.e., F,, =

Fpp = Fyp = Fpq = 0) is depicted as “[]” in Fig. 2.6. In the conventional method,
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only the mode I crack caused by bending vibration is considered, as described in Fig.
1.6. Therefore, when a crack is located at a bending node of the beam (i.e., 8; = 0),

the modal frequency for all crack depth ratios remains identical to that of an intact
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Fig. 2.6 Comparison of NMF of even-numbered modes with respect to crack depth

ratio (—: proposed method [Eq. (2.43)], — —: conventional method, []: Eq.
(2.43) with Fu =Fpp =Fg =Fpe =0, Xx: finite element analysis, o:
experiment).

beam owing to Fp,0; = 0, as described in Table 2.2. In contrast to the conventional

method, the fractional reduction of the modal frequencies due to the mode II crack
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is observed in Figs. 2.6(a) and (b). The NMF for the fourth bending mode in Fig.
2.6(b) decreases faster with the crack depth ratio than that for the second bending
mode in Fig. 2.6(a). This implies that the effect of the mode II crack intensifies as
the mode number increases. No NMF changes occur in the second axial mode
because neither mode I nor mode II crack affected the even-numbered axial modes,

as presented in Table 2.2

0.74 crack depth ratio=0.1 0.74 crack depth ratio=0.3
= Il Conventional method =
S 0.6 B Proposed method with Fss=0 S 0.6
> W Proposed method >
% 0.54 O Finile.elementanalysis § 0.5
= [ Experiment =1
o o
o o
& 0.4+ & 0.4+
< <
8 8
£ 0.3 £ 0.3
=) =]
8 8
= 0.2+ = 0.2+
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Fig. 2.7 Comparison of NMFS with odd-numbered modes for varying crack depth
ratios.
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Fig. 2.7 shows the normalized modal frequencies shifts for odd-numbered axial
and bending modes, with crack depth ratios ranging from 0.1 to 0.7 in increments of
0.2 up to 0.7. Note that NMFS represents the fractional reduction in modal
frequencies caused by a crack and is calculated as 1 minus NMF. Fig. 2.7 shows the
NMFS amount as a bar graph. Black, blue, red, white, and gray represent the
conventional method, cracked beam with ABMC, proposed method, finite element
analysis, and experiment, respectively. The mode numbers along the horizontal axis
are sorted according to the modal frequencies of the intact beam. When the crack
depth ratio is 0.1, the influence of the ABMC is negligible; thus, the proposed
method yields practically identical results to the conventional method (Fig. 2.7 (a)).
The effect of ABMC begins to appear when the crack depth ratio reaches 0.3 (Fig.
2.7 (b)). As the crack depth ratio increases, the influence of the ABMC becomes
more pronounced, as shown in Fig. 2.7. The NMFS obtained using the proposed
method perfectly aligns with the values obtained from Eq. (2.43) considering only
the mode | crack in Fig. 2.7. This alignment reveals the exclusive impact of the mode
I crack on the NMFS when the crack is centered on the odd-numbered axial and
bending vibration modes, as listed in Table 2.2.

Fig. 2.8 shows the NMFS for even-numbered bending and axial modes, with crack
depth ratios ranging from 0.1-0.7 in increments of 0.2. The bars used in Fig. 2.8 are
identical to those used in Fig. 2.7. While ABMC in the odd-numbered bending
modes begins to appear from a crack depth ratio of 0.3 in Fig. 2.7, the effect of the

mode 11 crack on the even-numbered bending modes is barely noticeable up to the
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Fig. 2.8 Comparison of NMFS with even-numbered modes for varying crack
depth ratios.

same crack depth ratio in Fig. 2.8 (b). Note that as the crack depth ratio and mode
number increase, the effect of the mode Il crack on the NMFS of the bending modes
becomes more sensitive (Fig. 2.8 (d)). In contrast, the NMFS of the second axial
mode is zero for all crack depth ratios. This implies that the NMFS is not affected at
all by the mode Il crack when the crack is aligned with the center of the even-
numbered axial and bending modes, as described in Table 2.2. Fig. 2.8 demonstrates

that the NMFS values obtained from the proposed method perfectly agree with those
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from Eq. (2.43) considering only the mode Il crack. This agreement reveals the
exclusive impact of the mode Il crack on the NMFS when the crack is centered on
the even-numbered axial and bending vibration modes, as detailed in Table 2.2.
Fig. 2.9 shows a comparison of the evolution of mode shapes with the crack depth
ratio for the second and fifth bending modes and the first axial mode between the
proposed method and finite element analysis. The black solid and red dashed lines
denote the mode shapes obtained from the finite element analysis and the proposed
method, respectively. The neutral axis of the mode-shape vector was computed using
the modal frequencies and spectral solutions for both sides of the crack. The feature
edges of the mode shape vector are determined based on the Timoshenko beam and
elementary rod theories. The mode shape vector is multiplied by an appropriate
scaling factor to visually highlight the ABMC caused by the mode I crack and the
sliding (or shear) mode caused by the mode II crack. The scaling factor for each
mode was determined based on the correspondence between the mode shape of the
proposed method and the finite element analysis of an intact beam. The proposed
method accurately predicted the evolution of mode shapes in comparison with the
results of finite element analysis. The evolution of modes I and II crack near the
center crack of a free-free beam is mutually exclusive depending on the type of
vibration mode, as indicated in Table 2.2. For example, in Fig. 2.9(a), the evolution
of the sliding mode is clearly observed near the crack, without any sign of ABMC
development in the second bending mode. This is due to the exclusive effect of the

mode II crack on the even-numbered bending modes. Conversely, in Figs. 2.9(b) and
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(c), the evolution of the ABMC due to the mode I crack is clear near the crack without
any appearance of the sliding mode in the fifth bending and first axial modes,

respectively. This is because the mode I crack solely affects the odd-numbered axial

Intact Intact Intact
T K’*‘\/“\—/*‘Y
S R
Crack depth ratlo—O 1 Crack depth ratio=0.1
K\_ T I 7
| R |
Crac_lg _depth ratio=0.2 Crack depth ratio=0.2
,,,,,,,,,,,,,,,, . it it
\ / ]
\ /
\ / |

Crack depth ratlo 03 Crack depth ratio=0.3

Crack depth ratio=0.3

(a) 2" bendmg mode (b) 5" bending mode (c) 1St aX|aI mode
Fig. 2.9 Mutually exclusive evolution of modes I and II crack in the vicinity of a

center crack in a free-free in Fig. 2.3(a) (...... : proposed method [Eq. (2.43)], —:
finite element analysis).

and bending modes. These mode shape evolutions in Fig. 2.9 show the mutually
exclusive contributions of modes I and II crack to each vibration mode, as described
in Table 2.2. Note that the left and right shapes overlap in the modal shapes below
the neutral axis of the crack location. This phenomenon occurs because the neutral

axes, which are split on either side of the crack, are calculated separately and feature

edges are drawn.
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2.6.5 Case 2: Free-Free Beam with a Crack at 0.45L Away from the Left

End of the Beam

Table 2.4(a) lists the mean values of the experimental modal frequencies of the
four intact beams. Similar to Table 2.3(a), there are two axial modes and five bending
modes under the cut-off frequency. Table 2.4(b) presents the fractional reduction in
the modal frequency of the cracked beam compared to that of the intact beam.

Table 2.4 Experimental results for a cracked beam in Fig. 2.3(b): (a) The values
of experimental modal frequencies of four intact beams (unit: kHz); (b) The mean
values of the fractional reduction in the modal frequency of cracked beams
compared to that of the intact beam (unit: %)

rack depth
ratio
Intact® 0.1® 0.2® 03® | 0.4® | 0.5® 0.6® | 0.7®
Mode
No.
BM1 6.381 2.840 9.720 19.51 30.89 43.22 55.79 67.86
BM2 14.28 0.2364 1.602 5.167 10.33 16.07 21.93 27.82
AM1 15.29 0.8485 2.993 4.995 6.440 8.51 11.50 15.74
BM3 23.07 0.7033 2.194 3.607 4.726 5.775 6.893 8.505
AM?2 30.29 -0.02806 0.3119 1315 2.642 4.349 6.534 9.690
BM4 31.40 0.3129 1.039 1.638 2.099 2.861 4421 6.395
BM5 38.87 1.3454 4.636 8.566 11.79 14.22 16.04 17.45

Fig. 2.10 shows the comparison results of the NMF for the crack depth among the
proposed method, conventional method, finite element analysis, and experiment. The
symbols of the conventional method, “X” and “0” are identical to those in Fig. 2.5.
The red and black solid lines represent the NMF of the axial and bending modes

calculated by the proposed method and by Eq. (2.43) considering only the mode I
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Fig. 2.10 Comparison of NMF with respect to crack depth ratio (—: proposed

method [Eq. (2.43)], — —: conventional method, —__ : Eq. (2.43) with Fg =0,
X: finite element analysis, o: experiment).

crack. Notably, the discrepancy between the red and black solid lines represents the
contribution of the mode II crack, whereas that between the black dotted and solid
lines represents the contribution of the ABMC by the mode I crack. Investigating
these discrepancies can provide physical insights into how modes I and II crack
affect the modal behaviors of a cracked beam. Compared with the finite element
method and experiment, the proposed method produces satisfactory results,
outperforming the conventional method. In the first bending mode in Fig. 2.10(a),
there exists a slight ABMC caused by the mode I crack, whereas the sliding mode
caused by the mode II crack is rarely observed. A significant ABMC occurs with a
small sliding mode in the second bending mode, as shown in Fig. 2.10(b). However,
the results accounting for only ABMC deviate from those predicted by the proposed
method due to the significant contribution of mode II crack in the higher axial and

bending modes when the crack depth ratio exceeds 0.3 (Figs. 2.10(c)-(g)). Unlike in
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Fig. 2.6(c), the combined effects of modes I and II crack are clearly demonstrated
for the second axial mode in Fig. 2.10(e) when the crack does not align with either
the antinode or node of the second axial mode. The contribution of the mode II crack

becomes evident as the mode number and crack depth ratio increase.
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Fig. 2.11 NMFS with respect to mode number for varying crack depth ratios.

Fig. 2.11 shows the NMFS for axial and bending modes in relation to crack depth
ratios from 0.1 to 0.7 in increments of 0.2. The bars used in Fig. 2.11 are identical to

those used in Fig. 2.7. When the crack depth ratio is 0.1, both the ABMC by mode I
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crack and the sliding mode by mode II crack are rarely observed, as shown in Fig.
2.11(a). The influence of the ABMC begins to appear when the crack depth ratio
exceeds 0.3 (Fig. 2.11(b)). As the crack depth ratio increases, the ABMC becomes

more pronounced particularly in the first axial mode.
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Fig. 2.12 Combined evolution of modes I and II crack in the vicinity of a crack in

a free-free beam in Fig. 2.3(b) (......: proposed method [Eq. (2.43)], —: finite
element analysis).

}

Fig. 2.12 shows a comparison of the evolution of mode shapes with the crack depth

ratio for the fifth bending and second axial modes, respectively, between the
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proposed method and finite element analysis. All mode shapes are produced using
the same procedures shown in Fig. 2.9. Compared with the finite element analysis
results, the proposed method precisely captures the sliding mode due to the mode Il
crack, as well as the ABMC due to the mode | crack as the crack depth ratio increases.
For the fifth bending mode in Fig. 2.12(a), the crack opening gradually appears due
to the ABMC when the crack depth ratio exceeds 0.3. The sliding mode at the crack
becomes pronounced due to the mode Il crack from a crack depth ratio > 0.5. When
the crack depth ratio is 0.2, the second axial mode begins to subtly reveal the crack
opening due to the ABMC, while the sliding mode appears from the crack depth ratio
> 0.4, as shown in Fig. 2.12(b). At a crack depth ratio of 0.7, the combined evolution
of modes I and I1 crack is apparent for both the fifth bending and second axial modes,
indicating the ABSMC of a free-free cracked beam. The proposed method accurately

predicts the combined evolution of modes | and Il crack in cracked beams.

2.6.6 Case 3: Cantilever Beam with a Crack at Varying Locations

The validity of the proposed method is demonstrated through a comparison with
the finite element analysis of a cantilever beam with a transverse crack at various
locations, as shown in Fig. 2.13. The geometry and material properties of the cracked
beam are identical to those of the beam shown in Fig. 2.3. Owing to space limitations,
only the NMFS values calculated by the proposed method are compared with those
obtained from the finite element analysis for various crack depth ratios and crack

locations; the results are shown in Fig. 2.14. All symbols are identical to those used
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in Fig. 2.11. The discrepancy between the red and black solid lines represents the
contribution of the mode 11 crack, whereas that between the black dotted and solid

lines represents the contribution of the ABMC by the mode | crack.

N
\

§ __~» transverse crack h
& d;gck

L

Fig. 2.13 Cantilever beam with a transverse crack at varying locations (L = 168
mm, /# =40 mm).

Crack depth ratios of 0.3, 0.5, and 0.7 denoting incipient, intermediate, and deep
cracks, respectively, are considered with relative crack locations (a/L) from the left
end of the beam 0f 0.2, 0.4, 0.6, and 0.8. Overall, the NMFS predictions considering
ABSMC using Eq. (2.43) are satisfactory compared to those from the finite element
analysis, as shown in Fig. 2.14. The effects of ABSMC on the modal frequencies
increase significantly for the crack depth ratio, regardless of the relative crack
locations. Similar to Fig. 2.11, the ABMC caused by the mode I crack increases
significantly with the crack depth ratio, particularly for the axial modes. When the
crack depth ratio is 0.3, the sliding mode by mode II crack is rarely observed for all
crack locations. However, the contribution of the mode II crack becomes more
evident for higher modal frequencies when the crack depth ratio exceeds 0.5. While
using a bar graph as shown in Fig. 2.7 might be appropriate, the cantilever beam is

verified solely using NMFS. Therefore, to clearly illustrate that the proposed method

60



predicts the results of finite element analysis more accurately than the conventional

method, the same symbols are used as in Figure 2.5, including solid and dashed lines.
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Fig. 2.14 NMFS with respect to mode number for varying crack depth ratios and

relative crack locations of the cantilever beam (_—_: proposed method [Eq.

(2.43)], — —:

element analysis, 0: experiment).

62

conventional method, —_ : Eq. (2.43) with Fs, = 0, X: finite



Chapter 3

Beam with a Crack in the Bending Antinodes

In Chapter 2, an analytical model was developed that accurately predicts the
behavior of beams with transverse cracks regardless of the crack location. In Section
2.6.4, it was verified that when a crack is located at the bending antinodes, it is only
affected by the mode | crack, as demonstrated in conjunction with Table 2.2. A key
point here is the influence of ABMC on frequency changes when the axial and
bending modes are adjacent. However, due to the characteristic matrix form of the
equation presented in Chapter 2, it is impossible to deduce the phenomena of modal
coupling between the axial and bending modes by examining the equation alone.
Consequently, Chapter 3 aims to conduct an in-depth analysis of specific cases in
which the crack is located at the bending antinodes. This is achieved by deriving a
closed-form frequency equation that considers only the mode | crack using the

analytical model presented in Chapter 2.

3.1 Cracked Beam Modeling

3.1.1 Compatibility Equation of the Crack

When considering only the effects of ABMC and assuming the lack of influence
from the mode 11 crack, the behavior of the crack can be simulated by setting Fg to
zero in the compatibility equation of Eq. (1.2), as validated in Section 2.6.4.

The three compatibility equations should be satisfied, as shown in Fig. 3.1 [Lev72].
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ugp —u;, = Faup + Fgp] (3.13)

QR - QL = beei + Fbaui (31b)
wg —w, =0 (3.1¢c)
w Wr
Faquy, + FapB] A Fop0f + Fpqup
NA. f—> [, _ _17
s Y S oo 1
s R ) wg—w, =0 |!w,
Ug — Uy :Faaui+Fab9i J
Op — 0, = Fyp} + Fyaut, ~ A
(a) axial displacement (b) rotational angle (c) transverse displacement

Fig. 3.1 Compatibility equations at the crack in case considering mode | crack.

3.1.2 Spectral Solution

This chapter applies the analytical model from Chapter 2 under the condition that
the crack is located at the bending antinodes. As the only variation under these
conditions lies in the compatibility equations, the spectral solution employs Egs.
(2.22) and (2.27) equally, as derived in Section 2.2.

The spectral solution for the axial displacements is provided as two parts on both
sides of the crack [Doy89].

uy (x;) = Ajeik@=x1) 4 A o=ikx (3.2a)
ug(x,) = Bye ¥z 4 B, e tk(b=x2) (3.2b)

The spectral solution for the transverse displacements and the rotational angles are
represented on both sides of the crack [Mei05].

wy(x;) = Age HFp@ X)) 4 A, e~ thp¥1 4 A emke(@=X1) 4 4 o=keX1 (3.38)

wg(x,) = Bye Hv*2 4 B,e~kp(b=%2) 4 B g~keX2 4 B g~ke(b=X2) (3.3b)

0,(x1) = —iPA3e_ikP(a_x1) + iPA4e_ikpx1 — NAge ke(a=x1)

+ NAge ™1 (3.30)
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O (x;) = —iPBse~*v*2 4+ jPB,e~*p(0=%2) _ NB ekeX2

+ NBge ke(b=x2) (3:30)

3.1.3 Dynamic Behaviors

Eqg. (3.3) contains twelve unknowns, four from the axial mode and eight from the
bending mode, as shown in Fig. 3.2. Detailed information on the unknowns is
provided in Section 2.2.3. Fig. 3.2 shows how the dynamic behavior of a cracked
beam is approximated to develop a frequency equation. When the frequency is
sufficiently high, an evanescent wave mode generated at a certain position will
quickly decay as soon as it is created. For example, as soon as an evanescent bending
mode (4s) is created at beam support A, it will decay exponentially with distance
from A. Arriving at the left side of the crack as an incident evanescent wave mode
(Ase%e), its contribution will be negligible because Ase*e® is practically zero.
The same applies to the other evanescent bending wave modes Ag, Bs, and Bg, and
their respective counterparts Age %e%, Bse=*eP and BgekeP. As a result, all
evanescent wave modes incident on the crack and beam supports are negligible and
do not contribute to the standing wave modes of the beam. Therefore, four incident
evanescent wave modes can be neglected in the approximation of the dynamic
behavior of a cracked beam, i.e., Age %% at A, Ase k@ at the left side of C,
Bge~*eb at the right side of C, and Bse~*e? at B, as shown in Fig. 3.2 [Parl7,

Par18].
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Fig. 3.2 Dynamic behaviors of a cracked beam by neglecting all incident
evanescent wave modes associated with bending motions.

3.2 Derivation of the Closed Form Frequency Equation

3.2.1 Twelve Equations for Twelve Unknowns

The twelve equations essential for deriving the frequency equation are established
by disregarding the incident evanescent wave modes, as explained in Section 3.1.3.
The boundary condition at the supports is assumed to be that of a simply supported
beam, which is commonly employed for simplicity of modeling, as shown in Fig. 2.1.

(1) Compatibility of axial displacement at C

— ! !
ug —uy, = Fpaup, + Fopt),

= (1 — ikFy)Are ™% + (1 + ikFy,) Ay — Fop(kpPAse ke (3.4)

+ kaA4 - keNA6) - Bl - Bze_lkb = 0
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(ii) Compatibility of transverse displacement at C
wgr—w; =0
= Aze %% 4 A, + Ay — B3 — Bye v — B, =0
(iii) Compatibility of rotational angle at C
Or — 60, = Fpp0] + Fpau;
= ikFyq(A1e™*% — A,) + (iP + k,PFyp)Aze ™92
— (iP — kpPFyp)As — (N + koNFp,)As — iPB3
+ iPBye %p? — NB; =0
(iv) Axial force equilibrium at C
EAu; = FAug
= Aje %2 — A, — B, + Be b =0
(v) Shear force equilibrium at C
KGA(—wj] + 6, +wg —6g) =0
= —i(P — kp)Aze *»® +i(P — k,)A, — (ko — N)Ag
+i(P —kp,)Bs — i(P — ky,)Bye™*¢? — (k, — N)Bs
=0
(vi) Moment equilibrium at C
EI8] = EI6}

= k,PAze " + k,PA, — k,NAs — k,,PB3 — k,,PB,e "
+koNBs =0

(vii) Axial displacement boundary condition at A
u; = 0

= Aleika = _AZ
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(viii) Transverse displacement boundary condition at A
w, =0
= A; +Ae F% + A =0
(ix) Moment boundary condition at A
EI6, =0
= —k,PA; — k,PAe™*»* + k,NAs = 0
(x) Axial force boundary condition at B
EAup =0
= B, = Bje kb
(xi) Transverse displacement boundary condition at B
wg =0
= Bse P + B, + B, = 0
(xii) Moment boundary condition at B
EIg, =0

= —k,PBse " — k,PB, + k,NBs = 0
3.2.2 Process of Eliminating Unknowns

Adding k,P x Eg. (3.11) to Eq. (3.12) yields:
AS = 0
Adding k,P x Eg. (3.14) to Eq. (3.15) yields:

B6=0
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In the case of a simply supported beam, Egs. (3.16) and (3.17) imply that if the
incident evanescent waves are disregarded, no evanescent bending motions are
generated at supports A and B. In cases where the support is either free or fixed,
evanescent bending motions must be generated at the support to satisfy the boundary
conditions related to force, rotational angle, and moment.

Substituting Eq. (3.16) into Eq. (3.11) results in :
Ay = —Azethr® (3.18)
Substituting Eq. (3.17) into Eq. (3.14) gives :
B, = —Bze P (3.19)
Adding —Pk, x Eq. (3.5) to Eq. (3.9) results in :
Bs = Aq (3.20)

Substituting Egs. (3.18)-(3.20) into Eq. (3.8) yields :

i . . i .
Ag = —Eye(l + ek p) Az Hra Eye(l + e "2kl py (3.21)

k
where y, = k—e
p

Substituting Egs. (3.10), (3.13), (3.18), and (3.21) into Eq. (3.4) vyields the
following equation.

{(1 = ikFyp)e @ — (1 + ikFy)e*a}A,

— {(1 — e?*p®)fe,P
; . . (3.22)
+ Eye(l + eZ‘kPa)keN} F,pAze kv

—(1+ e 2*P)B; +y,(1 + e " ")k ,NF,,B; = 0
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Substituting Egs. (3.10), (3.18) through (3.21) into Eq. (3.6) results in :

i(1+ e*™@)kFy,Ae~*e
+ [(1 — e?*p) PFy),

+ {iP + %ye(Z + kerb)N} (1+ eZikPa)] Ase~kp® (323)
- {iP + %ye(Z + kerb)N} (1+e2*P)B; =0
Substituting Egs. (3.10) and (3.13) into Eq. (3.7) yields :
(1 + e?ka)q e tka — (1 — e~2P)B, = 0 (3.29)
Substituting Egs. (3.18) to (3.20) into Eq. (3.5) results in :
(1 - e )4z "2 — (1 — e 2*pP)B; = 0 (3.25)

Substituting Eq. (3.25) into Eq. (3.22) results in :

{(1 = ikFy) — (1 + ikFyg)e?ka}(1 — e?kp@) A e~k
_ (1 + e—zikb)(l _ eztkpa)Bl

. i ,
- [{(1 — e kP +ove(1+ ez”‘p“)keN} (1 (3.26)
_ e—Zikpb)

i . .
— Eye(l + e 2kpb) (1 - ez‘kpa)keN] F,B3 =0
Substituting Eq. (3.25) into Eq. (3.23) results in

l(l 4 eZika)(l _ eZikpa)kF"baAle—ika
l , ,
+ [2 {iP +5Ye(2+ kerb)N} (e*r® —e2Mb)  (307)

+ (1= e 200) (1 e2599), Py, | By = 0

Substituting Eq. (3.26) into Eq. (3.27) yields the following equation between A,

and By:
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[[(1 _ eZikpa)(l _ e—Zikpb)ka 4+ iye(eZikpa _ e—Zikpb)keN](l
+ eZika)kFabea
+ [2 {iP + %ye(Z + kerb)N} (e2kpa — g=2tkpb)

+ (1 — e 2HpP)(1 - ezl’kva)kabe] {(1 - ikF,,)
(3.28)
— (1 + ikFaa)eZika}] (1 _ ezikpa)Ale—ika

[ . .
— [{iP + Eye(z + kerb)N} (eZLRpa _ e—Zlkpb)

+(1—e2Hkob)(1 - eZikpa)kabe] (1+e72P)(1

_ eZikpa)Bl =0

Finally, substituting Eq. (3.24) into Eq. (3.28) yields:

{(=2i(t, —tg) —(A—-t,)A - tR)kFaa}[z(l +v2) (&, — tr)
+{(V3 +verd) (&, — tr)
+i(1—y2)A + 8) (1 + tp) ey Fip
+ (1= t)(1 = t)kFaa{(Y3 + vevd) (&, — r)

_ _ FapFpa
+i(1—y2) A+ )+ tR)}kp< 1? b ) =0

aa

(3.29)

. k . _ _
where y, is defined as k—q, with kg = Cﬂ The parameters t;, tg, t; and tp are
P Q

associated with values related to phase shift, defined respectively as t; = —e?k®,

tp = e—21kb, EL — _eZLkpa and ER — _e—Zlkpb‘

By rearranging the terms according to the local flexibility, Eq. (3.29) can be

transformed into a closed-form frequency equation with a complicated expression.

Yo + YaaFaa + WorFov + PoaFavFoa + YaavpFaaFpp =0 (3.30a)
Wo = —4i(1 +yZ)(t, — tr)(E, — tr) (3.30b)
Yoo = =21+ ¥ - t)(A - tg)(E, — tr)k (3.30c)
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Wy = —20(t, — t){(v2 +Verd) (& — T) +i(1 —13) (1 + B}k, (3.300)
Ypo = (1 —t)(A— tR){(l - qu)(l +t)(1 +tg)
—i(v2 +vev?d) (E, — tr)}kky
Waapy = i1 — )1 — t){(1 —vZ)A + £)(1 + £r)
— (V3 +vevZ) (&, — tR) kK,

(3.30¢)

(3.30f)
3.2.3 Process of Simplifying Equations

Dividing Eg. (3.29) by —2(1+vyH){2i(t, —tg) + (1 —t,)(1 — tr)kF,.}

results in:

(t, - ff)
+ m{(\(g +vevZ) (&, — tr)
+i(1- y;)(1 +8)(1 + t) ey Fpp

l
) (1 - tL)(l - tR)kFaa 1
- 2 5 o
(t, — te) = 5 (1 = £)(1 = te)kFaq {2(1 + sz} (02 +rerd)

_ , _ _ FopFy
— ) +i(1—y2)A + £ + tR) ey Fpp (F“ - “) =0
aal bb

(3.31)

In Eg. (3.31), partial similarities in form were observed with the frequency
equations of intact and uncoupled cracked beams for the axial and bending modes.
The frequency equations of the intact and uncoupled cracked beams for the axial

and bending modes are as follows:

Ogo =t — L (3.32a)
[
Oq = Ogp — 2 (I —=t)(A = tr)kFoq (3.32b)
Opo =t — g (3.32¢)
O = Opo + ———={(v2 +7e12)E —
b bo + 2(1 + Yﬁ) {(Ye + Veyq )( L R) (332d)

+i(1—y2)A + E) (A + tr) ey Fpp
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Eq. (3.31) can be rewritten using the frequency equations for the intact and

uncoupled cracked beams in Eq. (3.32).

Fabea) (3 33)

_@ao
0, -2+ "%, -06 )(
b b bo Faanb

Oq

The combination of local flexibility, represented as (%) becomes ABMC
aal"bb

factor y. Thus, multiplying Eq. (3.33) by 6, results in the creation of an equation

with the mechanical significance of a simplified form.

0,0, — x(0g — Og) (O — Op,) =0 (3.34)
3.3 Implication of the Frequency Equation

InEq. (3.34), 0,, and 6, represent the uncoupled frequency equations of intact
and cracked beams for pure axial modes, respectively, while ©,, and @, denote
those of pure bending modes [Par18], respectively, as long as they are equal to zero.
For example, the wave number corresponding to the modal frequency of the pure
axial mode is computed through ,, = 0 (i.e., t; = tg) if there is no crack in the
beam. Similarly, the wave number associated with the modal frequency of the pure
bending mode of an intact beam can be obtained through @,, = 0. In the case of a
cracked beam, the modal frequencies for the pure axial and pure bending modes are
calculated through @, = 0 and 0, = 0, respectively. The modal frequencies of a
cracked beam for both modes will deviate from those of an intact beam depending
on the local flexibility coefficients F,, and Fy,. Similar to local flexibilities, the

ABMC factor y in Eq. (3.34) determines the amount of axial-bending coupling
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effects on the modal frequencies of a cracked beam compared with the modal
frequencies corresponding to pure axial and bending modes. For example, when
x =0, Eq. (3.34) becomes 0,0, =0 (i.e.,, &, =0 or 0, = 0), implying that no
modal coupling exists between the axial and bending modes regardless of the crack
depth ratio. As y increases, the modal frequencies computed from Eqg. (3.34) are
very likely to deviate significantly from those calculated using the uncoupled
frequency equation (i.e., Eq. (3.34) with y = 0) for a given crack depth ratio. In
addition, the importance of y manifests itself in the form of Eq. (3.34). Introducing
X, Eq. (3.34) is decomposed into the variable 6,60, accounting for the pure axial
and bending modes and the variable —yx (0, — 0,,)(0, — 0,,) accounting for the
contribution of ABMC. The significance of y also lies in its physical meaning from
the viewpoint of fracture mechanics. y isexpressed as the product of two flexibility
coefficients (F,;, and Fy,) divided by that of two flexibility coefficients (F,, and
Fpp). In the presence of a crack, F,, and F,, represent the local compliance
between the axial displacement and the bending moment and between the rotational
angle and the axial force, respectively. F,, and F,, denote the local compliance
between the axial displacement and the axial force and that between the rotational
angle and the bending moment, respectively. Therefore, y represents the ratio of
the product of local compliances affecting axial-bending coupling to that affecting
the pure axial and bending modes.

Fig. 3.3 illustrates the approximate magnitude of an ABMC factor of 1.0 for the

crack depth ratio throughout a crack depth ratio range of 0-0.7. The maximum error
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deviating from 1.0 is only 2% when the crack depth ratio is approximately 0.6. Eq.
(3.34) can be expressed approximately by substituting y = 1 for simplicity of the

description of its characteristics as follows:
0,0p = (0g — 040)(Op — Opy) (3.35)

If the crack depth ratio is very small, the right-hand side of Eq. (3.35) disappears
because F,, in Eq. (3.32b) and F;,, in Eq. (3.32d) almost become zero, and thus
0, and @, approach 0,, and 0@,,, respectively. In this case, EqQ. (3.34) becomes
0,0, = 0, from which either the modal frequencies for pure axial or pure bending
modes are obtained. As the crack depth ratio increases, the right-hand side of Eq.
(3.35) deviates from zero, and more axial-bending coupling effects on the modal
frequency are anticipated. The axial-bending coupling effects in Eq. (3.35) become
significant when the modal frequency of a certain pure axial mode is in the vicinity
of that of a certain pure bending mode or vice versa. Under these circumstances,
either ©, or @, approaches zero. After dividing Eq. (3.35) by either 6, = 0 or

0, = 0, Eq. (3.35) can be rewritten as follows:

|0b| — (@a_gao)(@b_@bo) > 0 or |0a| — (@a_@ao)(eb_ebo) > 0 (336)
64 Op

Eq. (3.36) implies that the modal frequency satisfying Eq. (3.35) should deviate
significantly from that associated with the pure axial or pure bending mode because
the right-hand side of Eq. (3.35) will depart considerably from zero. This aspect of
the ABMC is well presented in the numerical and experimental validation of Section

3.4.
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Fig. 3.3 ABMC factor for crack depth ratio in Eq. (3.34).

3.4 Extending the Frequency Equation to Other Support

Conditions

By replacing Egs. (3.10)-(3.15) with boundary conditions for different support
conditions and conducting the same procedure in Section 3.1 for all support
conditions, only the coefficients S,, Br, B, and Bg in t,, tg, t,, and £z , as
shown in Table 1, depending on the support condition, and can be expressed by the

same frequency equation as Eq. (3.34) [Par17]:

t, = B e?ika (3.37a)
tp = Pre2ikb (3.37b)
[, = B etkra (3.37¢)
tg = Bre PP (3.37d)

The principles of B,, Bz, B, and Bz can be explained following the procedure

used by Park [Par17] to determine phase differences.
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Table 3.1 Phase shift at the left and right end of a beam according to support

conditions
Support
condition
Hinge roller Fixed—free Fixed roller
(simply supported) (cantilever) (propped cantilever)
Support
position
pL=-1 B =-1 pL=-1
¢, =-1 ¢,=-1 ¢, =-1
Left end” B _ - _ _
B, =-1 B, = ﬂfix BL= ﬂfix
d_)L =-r d_’L = arg [B_fix] ¢;L = arg [ﬁ_fix]
Br=1 Br=1 Pr=1
¢r=0 $r=0 ¢pr=0
Right end"™ _ L _
Br=-1 Br = ﬂfree pr=-1
¢_>R =T d_’R = arg [Efree] (l_)R =T
Support
condition .
Fixed—fixed
Hinge free Free—free
Support (both fixed)
position
BL=1
=-1 =—1
'BL A ¢,=0
¢L =T d)L =—-T 1
Left end” o ~ 3, = —
BL = ﬁfix L =—1 Bfree
b, = arg [Br; b, = —m . 1
¢L g [ﬂflx] ¢L ¢L =arg [_ ]
ﬁf‘ree
Br=-1
Br=1 Br=1
pr=m
1 $r=0 ¢r=0
Right end"™ Br == o _
ﬁfix Pr = ﬂfree Br = Bfree
(]SR = arg|[ _1 ] d_)R = arg [B_free] (l;R =arg [Efree]
Bfix
“B=el B = i1 B =ei¥r, B, = ei®r
ok 5 P+iN P+iy3N
ﬂfix = mr ﬁfree =- P—ing
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Fig. 3.4 shows the physical implications of t, and tp from an axial wave
perspective. On the left side of the crack, the difference in the phase shift between
A, departing from C and A,e~* approaching C is due to the round-trip wave
traveling in the reverse direction and the wave reflection at A. ka and ¢; denote
the phase shifts caused by the one-way wave traveling in the reverse direction and
the wave reflection at A, respectively. The total phase shifts of the wave traveling
from the crack, passing through support A, and returning to the crack can be

expressed by the relationship between A; and A,:

A, =t Ajeka (3.38)
where t;, = el(katdr+ka) — pidLe2ika which is identical to Eq. (3.37a).

Similarly, the difference in the phase shift between and B, departing from C and

B,e~ ™ approaching C is due to the round-trip wave traveling in the forward
direction and the wave reflection at B. —kb and ¢ denote the phase shifts caused
by the one-way wave traveling in the forward direction and the wave reflection at B,
respectively. The total phase shifts of the wave traveling from the crack, passing
through support B, and returning to the crack can be expressed by the relationship
between B; and B,:

Bye k0 =t B, (3.39)

where tp = el(Tkb+Pr—kb) — pidre=2ikb which is identical to Eq. (3.37b).
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ka Ajeke B, —kb

¢ (. . ) ¢r

ka A,  Bye *®  —kb

I (@) 1
A C B
A2 == tLAle_ika Bze_ikb = tRBl
t, = ei(ka+¢L+ka) — ei(l)L eZika tp = ei(—kb+¢R—kb) — ei¢R e—Zikb
B Br
L

Fig. 3.4 The physical implications of t, and t; from an axial wave perspective.

Fig. 3.5 shows the physical implications of ¢, and t; from a bending wave
perspective. On the left side of the crack, the difference in the phase shift between
A, departing from C and Ase~%*@ approaching C is due to the round-trip wave
traveling in the reverse direction and the wave reflection at A. k,a and ¢, denote
the phase shifts caused by the one-way wave traveling in the reverse direction and
the wave reflection at A, respectively. The total phase shifts of the wave traveling
from the crack, passing through support A, and returning to the crack can be

expressed by the relationship between A; and Ay:
A, =t Aze” e (3.40)
where £, = eikpatdrtkya) — pidLp2ika \which is identical to Eq. (3.37¢).
Similarly, the difference in the phase shift between and B, departing from C and
B,e~*»P approaching C is due to the round-trip wave traveling in the forward
direction and wave reflection at B. —k,b and ¢r denote the phase shifts caused

by the one-way wave traveling in the forward direction and wave reflection at B. The
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total phase shifts of the wave traveling from the crack, passing through support B,

and returning to the crack can be expressed by the relationship between B; and B,:
B4e_ikpb = ERB3 (341)

where tz = elCkpbtdr—kpb) — oibre=2ikpb \which is identical to Eq. (3.374).

kpa Aze~"e B, ~kyb

& C S D) &

| @ |
A C B
A4_ - ELA?, e_ikpa B4e_ikpb - ERB?)
£ = eilkpatdrtkpa) — ,idL p2ikpa fp = ei(“kpb+dr—kpb) — pipr p—2ikpb
—— ——
BL Br

Fig. 3.5 The physical implications of t; and t; from a bending wave
perspective.

The detailed process of B, S, B, B, for each support in Table 3.1 obtained

from the phase change difference is detailed in Appendix (A5).

3.5 Newton-Raphson Method for a Solving Nonlinear Equation

Since Eq. (3.34) is a nonlinear equation with respect to w, the modal frequencies
are calculated using the same Newton-Raphson (N-R) method described in Section
2.5.1. The basic methodology remains unchanged; however, the procedure initially
diverges by focusing on linearizing the closed-form frequency equation rather than
linearizing the determinants of the matrices as previously applied. Eq. (3.34) is

defined as y, which is shown in the following equation:
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Y= 0,0, — x(0g — 0) (0 — O,) (3.42)
The iteration process of Egs. (2.44)-(2.46) is conducted until convergence to 10~7
is obtained according to the criterion given in Eq. (2.47). The derivative Z_Z) used in

Eq. (2.44) can be expressed by applying the chain rule.

oy _ 0y ok 0y dk

dw ~ dkdw ' dk, dw (3.43)

where k,, k., P, and N were set as independent variables to use the chain rule in

Section 2.5.2, as all coefficients are used in the chain rule. However, in this chapter,

only k, isused in the chain rule, so note that k,, k., P, and N are correlated with
each other by w.

The derivatives % and :Ty used in Eq. (3.43) is obtained by differentiating Eq.
14

(3.42) with respect to k and k,, respectively.

dy e, 20, a@ao)
9y _ _ _ 9. )= 3.443
ok~ ok Ov X(ak ok ) (@p = Obo) =0 (3442)
ay _ 60b

=0

99, agb") =0 (3.44b)

ok, a%_)((@a_gao)<%_ ok,
960

o in Eq. (3.44a) are obtained by differentiating the

. Bl
The derivatives a—;" and

frequency equations corresponding to the axial mode of both the intact and cracked
beams with respect to k.

00, 0t, dtg
ok ok ok
00, 00, i ot i
- (==Y = tp)kE,, — —
ok = ok 20 o) T ke =5

== (= 5)(1 = te)Fugq

(3.45a)

(1 -t 28y p
FR ok (38p)
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Op

The derivatives 22t k d —= in Eq. (3.44b) are obtained by differentiating the
p

frequency equations corresponding to the bending mode of both intact and cracked

beams with respect to k,,.

90,, 0, 0ty

ok, ak,, N ak,, (3.462)
s
+ {(3\% % + %Vz +2Ve¥q %) (&, — tr)
+ (v +Yeyq)<at; : >
( 2y, gk > (1+5)(1 + ) (3.46b)

+i(1- yqz)—(l + tp)

+i(1- yqz)(1+tL) }k Fop

+ {(Ye + YeVq )(tL - tR)
+i(1—yg) A+ E)A + Tr)}IFpp

The derivatives a_ and atR used in Eg. (3.45) and atL and 2& i Eq. (3.46)

dk,
are Eq. (3.37) with respectto k and k,, respectively.

% = 2iaB,e?ke (3.474)

%i,j — 2ibfge-2ikD (3.47b)

Z,? gg Sy 4 2iaf e @410

where k,, k., P, and N are related, all coefficients associated with them must be
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derived by differentiating with respect to k,,.

3;‘3 and Z% in Eq. (4.46b) are the derivatives of y, and y, withrespectto k,,
14 14

which can be described as follows:

Ok, _
dy. 0k, e (3.484)
ok,  k,

ok,
oy, 0k, T4 (3.48b)
ok,  ky

g% in Eq. (3.48a) can be obtained from Eqgs. (2.25) and (2.26). By substituting X =
14

k% — k2 which is derived from Egs. (2.25a) and (2.25b) into Eq. (2.26a) produces:

11
k2 — k2 = w? <—2 + ) (3.49)

)
cy  Cq

Differentiating Eq. (3.49) with respect to k,, yields 2=,
p

ok, kp wow (1 1
—=——-———|5+= (3.50)

%4 in Eq. (3.48b) is defined by:

ok,
9w

kg _ Oky (3.51)
ok, Cq

where :Tw in Egs. (3.50) and (3.51) used as the same expression as in Eq. (2.52).
p
Table 3.2 shows 2% and 28R in Egs. (3.47¢c) and (3.47d) are the derivatives of

aky dky

Table 3.1 with respect to k.
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Table 3.2 Phase shift at the left and right end of a beam according to support

conditions, differentiated with respect to k,,

Support
condition
Hinge roller Fixed—free Fixed roller
< (simply supported) (cantilever) (propped cantilever)
upport
position
* BEL BL _ 5 = aﬂ_L =
Left end m =0 o Brix a_kp = Brix
. *k aER 3Br n w4 aER
Right end —_— = PR — PR _
e en ok, " oy ITee ok,
Support
condition .
Fixed—fixed
Hinge free Free—free
Support (both fixed)
position
. B, _ = 9B, B _ 1
Left end — = [ —=0 — ==
0k T 0k Okp Bfree
*x 6B_R 1 aﬁ_R > aﬁ_R 5
Right end 7 == = = = =
1ght en 6k,, ,Bfix akp free ak,, free
_ Zi(:TI\;P—N:TP)
3 »
Brix = (P—iN)?
. a N P
S 21(2ye£1vp+y3mp—y§1vm)
free (P-iv3N)?

The derivatives 22~ and 2%
akyp dkyp
(2.28) with respect to k,,.
Jdw _ 2
aP _( 0)2 ) Zwkpa—kp 2w
Ok, kf,cczl kzz,cg
dw 0k,
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a_N %<1+kw2 )+ eakp akp

2
kec?

in Table 3.2 can be calculated by differentiating Eq.

(3.52a)

(3.52b)




3.6 Validation

3.6.1 Numerical Example

The proposed frequency equations for beams with cracks located at the bending
antinodes were validated by finite element analysis and experimental results. Fig.
3.6 shows a Free-free beam with a transverse crack at the center of a beam with an
aspect ratio of 19.8. The crack is located at the center of the beam, and the crack
depth ratio varies from 0 to 0.7. The Young’s modulus, Poisson ratio, and density of
the beam material are 69 GPa, 0.34, and 2700 kg/m?, respectively. The antinodes of
the axial and bending vibration modes of an intact beam are located at the crack
location when the mode number is odd because of the symmetry of the free—free
beam. In this case, the maximum modal frequency shift due to the crack location for

each odd-numbered mode is guaranteed [Par18].

. d
crack depth ratio: 5 = 0~07

1A d)| C B
10mm | ) |
T crack
i 99 mm } 99 mm
‘ 198 mm

Fig. 3.6 Free-free beam with a transverse crack at the center of a beam with an
aspect ratio of 19.8 (width: 10 mm).

A critical aspect to highlight is the use of shallow beams with an aspect ratio of
19.8. Section 2.6.4 discusses the deep beams with an aspect ratio of 4.2, where the
first axial mode is conveniently observable as it is adjacent to the primary

observation range of the first to third bending modes. However, for shallow beams
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with an aspect ratio above 10, the first axial mode is adjacent to bending modes of
the fifth order or higher; thus, the influence of axial-bending modal coupling (ABMC)
falls outside the primary observation range. The shallow beams are important for
evanescent waves, although they are outside the observation range of interest. The
proposed method ignores incident evanescent waves, which leads to inaccuracies in
the lower modes, specifically below the third mode [Mea94]. The use of shallow
beams is appropriate to demonstrate the proposed method because the effects of axial
bending modal coupling occur in modes above the third order, where the effects of

evanescent waves are almost negligible.

3.6.2 Experimental Setup

Fig. 3.7 shows the experimental setup for validating the proposed method. Four
groups of aluminum beams with varying crack depth ratios were manufactured
according to the geometry shown in Fig. 3.6. One group consists of eight beams,
including an intact beam and beams with seven different crack depth ratios ranging
from 0.1 to 0.7 (Fig. 3.7(a)). The crack at the center of the beam is simulated by a
0.3-mm-wide notch with a certain desired depth. Two piezoelectric wafers (Piezo
Systems Inc. PSI-5A4E L10 mm X T0.191 mm x W10 mm) [Psil9] were
mounted on each beam to capture the dynamic response of each beam via a pitch-
catch method. A sensing piezoelectric wafer is mounted at the top center of the beam
(Fig. 3.7(b)), while an actuating piezoelectric wafer is bonded 8 mm away from the

crack at the bottom center of the beam (Fig. 3.7(c)). The free-free support condition
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is simulated by suspending the intact and cracked beams by two strings attached 10
mm away from each end of a beam because the effect of string locations on the modal
frequencies of beams is negligible compared to experimental uncertainties caused by
manufacturing errors, temperature variations, and measurement noise (Fig. 3.7(d)).
A chirp voltage input signal with a driving frequency range of 1-130 kHz is exerted
on the actuating piezoelectric wafer using a 16-bit arbitrary waveform generator (NI
PXI-5422). The duration and amplitude of the chirp voltage input signal are 1 s and
5V, respectively. The corresponding output voltage signal is measured using a 14-
bit high-speed digitizer (NI PXle-5122). The sampling rate and frequency resolution
are 5 MHz and 1 Hz, respectively. The measurement time corresponding to the
frequency resolution is 1 s to allow sufficient time for the dynamic motion of the
beam to decay out. The experiment is repeated 10 times automatically using
LabVIEW™ to obtain an average measured output voltage signal. An example of
the average output voltage signal of an intact beam is presented in Fig. 3.7(e). The
dotted line indicates the time instant at which the driving frequency of the input chirp
signal became identical to each odd modal frequency of the intact beam. The
resonance phenomenon associated with each odd modal frequency from 1 kHz to
130 kHz is clearly shown in Fig. 3.7(e). The frequency response spectrum of each
beam is computed by Fast Fourier Transform using the input and output voltage
signals. The peak frequencies are extracted from the frequency response spectrum,
and the associated modes are identified by comparison with the modal frequencies

computed from the finite element analysis [Fig. 3.7(f)].
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(side view)

crack

(a) group of eight aluminum beams
with increasing crack depths

(bottom view)

piezoelectric wafer
(actuator)

(¢) actuating piezoelectric wafers
mounted on the bottom of an
aluminum beam

BM1BM3 BM5 BM7 _BM9 BMil BMI3 BMI5
i T AME ] j

06 | AN ‘
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Fig. 3.7 Experimental setup.

3.6.3 Finite Element Analysis Setup
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Finite element analysis was conducted using ABAQUS 6.14/standard in

SINBARAM at the KISTI Supercomputing Center. The actual thickness and length

of all four groups of aluminum beams were measured using a caliper with a 1/100

mm resolution. The average thickness and length values used to obtain the numerical
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results from the proposed method and the finite element analysis are 10.25 mm and
197.94 mm, respectively. A sufficiently refined mesh layout (811,800 eight-node
quadratic solid elements of size L50 um x T50 um) is employed for element
discretization to accurately compute the modal frequency changes. The mechanical
behavior of a crack is simulated by generating double nodes at the traction-free crack
surface during finite element discretization [Parl8]. The modal frequencies are
computed for comparison with the finite element analysis in which the finite
elements associated with a notch region are removed because the mass reduction
effects owing to a notch may produce significant changes in the modal frequencies
of a cracked beam [Call6]. The mass reduction effects owing to notches on the
computed modal frequencies are negligible compared with the experimental
uncertainty in an overall sense. The increment of the varying crack depth ratio was

set to 0.05 for the finite element analysis.

3.6.4 Free-Free Beam with a Crack at the Bending Antinode for an Aspect

Ratio of 19.8

Table 3.3(a) provides the mean values of the experimental modal frequencies of
the intact beams of the four groups. There are 5 axial modes and 10 bending modes
with odd mode numbers up to the nineteenth bending mode. No even-numbered axial
and bending modes are considered because the center crack is located on the node of
the associated vibration mode, where frequency shifts rarely occur. The consistency

of the experimental modal frequencies was confirmed through the ratio of the
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standard deviation of the experimental modal frequencies to their mean values of
which the maximum is less than 0.42%. Table 3.3(b) presents the mean fractional
reduction values in the modal frequency of a cracked beam compared to that of an
intact beam.

Table 3.3 Experimental results: (a) mean experimental modal frequencies of intact

beams (unit: kHz); (b) mean fractional reduction values in the modal frequency of
a cracked beam compared to that of an intact beam (unit: %)

Crack depth

Vo 0 Intact® | 0.1 | 020 | 03® | 04® | 050 | 06 | 0.7®

no.
BM1" 1.365 1.282 2.858 5.331 9.526 15.74 24.20 35.65
BM3 7.060 1.087 2.188 3.870 6.501 10.09 14.60 19.66
AM1 13.10 1.101 1.771 3.200 5.849 9.490 14.10 19.32
BM5 16.35 0.9631 1.864 2.967 4.210 5.103 5.528 5.714
BM7 28.14 0.8956 1.735 2.905 4.455 6.145 7.972 8.889
AM3 39.14 1.120 1.841 3.355 5.460 8.316 10.64 13.40
BM9 41.49 0.6815 1.224 1.580 1.815 1.764 1.735 1.799
BMI11 55.83 0.5378 1.252 2.107 3.149 4.110 4.998 5.693
AMS 64.89 0.9817 1.633 2.230 4.111 5.256 6.449 7.989
BM13 70.83 0.5075 1.015 1.391 1.672 1.876 1.987 1.848
BM15 86.01 0.4104 1.136 2.077 3.244 4.401 5.210 6.145
AM7T 90.35 1.089 1.443 1.891 2.337 2.567 2.998 3.579
BM17 101.4 0.2879 0.7567 1.134 1.480 1.788 1.953 1.901
AM9 114.9 1.222 2.131 2.903 4.100 4.937 5.752 6.610
BM19 116.9 0.2385 0.3555 0.3446 0.2949 0.2453 0.3433 0.3711

* “BM” and “AM” denote the bending and axial mode, respectively, and the number represents
the mode.

Fig. 3.8 presents the comparison results of the modal frequencies for the crack
depth ratio of the proposed frequency equation with those of the finite element
analysis and experiments. The frequency range of interest is 0—120 kHz and includes
the first five odd-numbered axial modes and the first ten odd-numbered bending
modes. Solid and dotted lines denote the modal frequencies with and without ABMC
computed using Eq. (3.34), respectively, and “x” and “0” denote the modal
frequencies obtained from the finite element analysis and the experiment,

respectively. The modal frequencies without ABMC are simply computed by setting
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Fig. 3.8 Comparison of modal frequencies proposed by frequency equation to
those of finite element analysis and experiments with respect to crack depth ratio

(——: proposed method, - - -: conventional method, x: finite element analysis,

0: experiment). Letters “BM” and “AM” stand for bending and axial modes,
respectively.

the ABMC factor y to 0. The N-R method is employed to solve Eq. (3.34) because
it is a nonlinear equation for the angular frequency w. The increment for varying the
crack depth ratio is set to 0.005. The initial guess is the modal frequency of an intact
beam for the first crack depth ratio (§ = 0.005) of which the solution is obtained

iteratively through the N-R method. Then, the solution for the current crack depth
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ratio (8 = 0.005) becomes the initial guess for the next crack depth ratio (§ = 0.01).
In this way, the convergence of the N-R method is guaranteed to predict the modal
frequencies for the crack depth ratio. Overall, the modal frequencies with ABMC
agree well with those of the finite element analysis and the experiment. The effect
of ABMC on both the axial and bending modal frequencies is significant for the
crack depth ratio when the two modes are adjacent to each other.

Fig. 3.9 presents the comparison results of normalized modal frequencies for five
axial and six bending modes in Fig. 3.8, in which the effects of ABMC are noticeable
as the crack depth ratio increases. Here, the normalized modal frequency (NMF)
denotes the modal frequency for the crack depth ratio divided by that of an intact
beam. The symbols in Fig. 3.9 have meanings identical to those in Fig. 3.8. An
excellent agreement is observed for all axial and bending modes when ABMC is
considered. This means that the banding antinodes are not affected by the mode 1l
crack, as mentioned in Section 2.6, so accurate predictions can be made by
considering only the mode I crack. The effects of ABMC on the NMF begin to appear
when the crack depth ratio is approximately 0.3 and become progressively more
significant as the crack becomes deeper. All the normalized modal frequencies
without ABMC presented in Fig. 3.9 agree with those of the finite element analysis
up to a crack depth ratio of 0.3, although a slight difference exists in the axial and
bending modes within a 1.2% relative error. Furthermore, the modal frequencies
corresponding to the axial and bending modes deviate from those calculated by the

finite element analysis as the crack depth ratio becomes larger than 0.4. The
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maximum relative errors become 26% and 6.5% for the axial and bending modes,
respectively, when the crack depth ratio is 0.7. The modal frequencies with ABMC
agree well with those of the finite element analysis for all modes. The maximum
relative errors for the axial and bending modes significantly decrease to 1% and
0.64%, respectively, with a crack depth ratio of 0.7. This implies that the effects of
ABMC on the modal frequencies appear for the crack depth ratio when the intact
modal frequency of the bending mode is in the vicinity of that of the axial mode, as

described in Section 3.3.
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Fig. 3.9 Normalized modal frequencies with respect to crack depth ratios (——:
proposed method, - - _: conventional method, x: finite element analysis,
0: experiment).

Fig. 3.10 shows the normalized modal frequency shifts (NMFS) by mode number
for crack depth ratios of 0.3, 0.5, and 0.7 representing incipient, intermediate, and
deep cracks, respectively. Here, the NMFS represents the fractional reduction in the
modal frequency due to a crack and is computed as 1 minus the NMF associated
with a certain crack depth ratio. The symbol meanings in Fig. 3.10 are identical to

those in Fig. 3.8, except for the case of ABMC denoted by a square box symbol.
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The use of a bar graph, as shown in Figure 2.7, is more appropriate because it does
not require interpolation between mode numbers. However, to emphasize the
change in the pattern of modal frequency reduction due to ABMC compared to the
conventional method, it is represented by a line. Four important implications can
be drawn from Fig. 3.10. First, the normalized modal frequency shifts with ABMC
are almost identical to those of the finite element analysis and the experiment for
all axial and bending modes except for the first bending mode. As shown in Fig.
3.2, the discrepancy in the first bending mode is attributed to the violation of the
assumption that the incident evanescent wave motions are negligible. This can be
solved using the conventional method because ABMC does not occur up to the first
to third order modes. Second, the overall effects of ABMC on the axial modal
frequencies become more significant than those of the bending modal frequencies
for deeper cracks. Third, as shown in Fig. 3.10(f), the effects of ABMC on the modal
frequencies of the first and third bending modes are very small even for a deep
crack, because the first axial mode can hardly interact with these two bending
modes. This phenomenon explains why few previous studies dealing with the
lowest bending frequencies have considered ABMC. Finally, an overall declining
trend of NMFS occurs for the mode number for both the axial and bending modes
regardless of the magnitude of the crack depth ratio. This phenomenon indicates
that the fractional reduction in modal frequencies becomes insensitive to cracks as
the mode number increases, which is contradictory to the well-known premise of

vibration-based structural health monitoring [Par18]. In particular, the sensitivity of
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the fractional reduction in the axial modal frequencies to cracks has not yet been
reported to the best of the authors’ knowledge.

Fig. 3.11 shows a comparison of the mode shape of odd-numbered axial modes
from the first to the seventh axial mode for the crack depth ratio between the
proposed method and the finite element analysis. Solid and dotted lines represent the
mode shapes of the finite element analysis and the proposed method, respectively.
Once the modal frequencies have been computed using Eq. (3.34), the two-
dimensional mode shape vectors on the neutral axis of the beam are obtained at the
left and right sides of the crack from Eq. (3.3). The two-dimensional mode-shape
vectors are then calculated at the feature edge of the beam by combining the
kinematics of the Timoshenko beam theory and the elementary rod theory. The mode
shape vectors are multiplied by an appropriate scaling factor to improve the
readability of the mode shape. Finally, the scaled mode-shape vectors are
superimposed on the original beam shape, as shown in Fig. 3.11. The proposed
method accurately predicts the evolution of mode shapes for the crack depth ratio in
comparison with the results of finite element analysis. When the crack depth ratio is
smaller than 0.1, axial motion is dominant in the mode shape. When the crack depth
ratio is 0.2, bending motion begins to occur in the mode shape at a very low level.
With a crack depth ratio greater than 0.4, dominant bending motion appears in all
axial mode shapes. The effects of ABMC are clear in the evolution of the bending
motion in all axial modes for the crack depth ratio. In addition, as mentioned in

Section 2.6, the effect of ABMC increases with increasing crack depth ratio, but the
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effect of the mode Il crack does not appear at all with increasing crack depth. It is

obvious that the frequency equation without ABMC cannot describe the coupled

axial-bending mode shape shown in Fig. 3.11.
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Chapter 4
Beam with a Crack in the Bending Node

It is commonly assumed that the presence of transverse cracks at the bending nodes
of a beam does not reduce the bending modal frequency [Wan12, Tsa96, Mon90,
Mas98, Dah17]. Das and Yilmaz [Das18] performed an experimental modal analysis
of a curved composite beam and attributed the lack of frequency reduction to the
proximity of the nodal points. Viola et al. [Vio07] and Satpute et al. [Sat17] imply
that if the bending node is located in the center of the crack, the frequency of the
cracked beam should be identical to that of the intact beam. A case against this
assumption is presented in Section 2.6.4. The proposed analytical model
demonstrated the frequency reduction due to mode Il crack when the crack is located
at the bending node, and this was visually confirmed by mode shape analysis. In
Chapter 4, we aim to delve deeper into this phenomenon by deriving a closed
frequency equation that considers the mode Il crack, using the analytical model

presented in Chapter 2 to provide a more comprehensive analysis.

4.1 Cracked Beam Modeling Considering Mode 11 Crack

4.1.1 Compatibility Equation of the Crack

When considering only the effects of the mode 11 crack and assuming the absence
of influence from the mode | crack, the behavior of the crack can be simulated by

setting F,,, Fpp, Fqp and Fp, to zero in the compatibility equation of Eq. (1.2),
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as validated in Section 2.6.4.

The three compatibility equations should be satisfied, as shown in Fig. 4.1.

wg —wy = Fs(w, —0,) (4.1c)

WR

up—u, =0 74—
NA. [ !
o wg —w, = Fs(w —6,) twy
u Up J
NA.
0z — 6, =0 x
(a) axial displacement (b) rotational angle (c) transverse displacement

Fig. 4.1 Compatibility equations at the crack in case considering mode |1 crack.
4.1.2 Spectral Solution

This chapter applies the analytical model from Chapter 2 under the condition that
the crack is located at the bending node. In Section 4.1.1, because mode | crack is
not considered, the axial and bending modes act independently. Therefore, by
employing only the spectral solution for the bending mode, it is possible to simulate
the crack behavior caused by the mode I1 crack.

Based on the Timoshenko beam theory, the spectral solution for the transverse
displacement and rotation angle of the beam is divided into two parts corresponding
to the left and right sides of the crack [Mei05].

wy(x;) = Aje Hkp(@%) 4 A, e=tkpX1 4 Aoemke(@X1) 4 4, p=KeXs (4.2a)

wg(x,) = Bye *p¥2 4 B e kp(b=%2) 4 B e~keXz 4 B, oke(bx2) (4.2b)
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GL(xl) = _iPAle_ikp(a_xl) + iPAze_ikpxl - NA3e_ke(a_x1)
+ NAe™
eR(xZ) = _iPB1e_ikpx2 + iPBze_ikp(b_xZ) — NB3e_kex2
+ NBye Fe(b=x2)

(4.2¢c)

(4.2d)

4.1.3 Dynamic Behaviors

Eq. (4.2) contains eight unknowns from the bending mode, as shown in Fig. 4.2.
Fig. 4.2 shows the dynamic behavior of a cracked beam used to develop a frequency
equation. Similar to the dynamic behavior observed in Section 3.1.3, all incident
evanescent bending wave motions to either the crack or the support of the beam are
assumed to be negligible. For example, as soon as an evanescent bending motion
(A3) is created at support 4, it decays exponentially as it departs from 4 and vanishes
at the left side of the crack (i.e., Ase ¥e® =~ 0). The same applies to the other
evanescent bending wave motions A,, B3, and B,, and their respective

Ay AL g Bye~tkob,;
Ay o> %M B, Bye=0» | bending
A,eikpal Az «—ie B,e~ikpb B,<«— | mode

g i‘f\’ Ay 4!\):«\/3 =%z B4<Jv:

A c! B!
H |, transverse crack
h
e d "

f A
< »le >
’ a | b .
L
— propagating mode ~» gvanescent mode

Fig. 4.2 The dynamic behaviors of a cracked beam by omitting all incident
evanescent wave motions that are assumed to be negligible.
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counterparts Aze %e® Bge %P and B,e~*eP. Therefore, the four evanescent
bending wave motions corresponding to Aze~¥e® atsupport A, Aze~*e® atthe left
side of the crack, B,e XeP at the right side of the crack, and Bze *¢ at support B
are not considered in formulating the frequency equation described below in the next

section.

4.2 Derivation of the Closed Form Frequency Equation

The frequency equation can be determined using eight equations corresponding to
the eight unknowns. The eight equations can be derived from two compatibility
conditions at the crack, as given in Egs. (4.1b) and (4.1c), two equilibrium equations,
and boundary conditions at each support. The boundary condition at the supports is
assumed to be that of a simply supported beam, which is commonly employed for

simplicity of modeling, as shown in Fig. 2.1.

4.2.1 Eight Equations for Eight Unknowns

(i) Compeatibility of transverse displacement at C

wgp —wy, = Fs(w, —0))

= {1—i(k, — P)Fs}A e * e + {1+ i(k, — P)F}A, (4.3)
+{1+ (k, — N)F,}JA, — B, — Bye %> — B, =0
(i1) Compatibility of rotational angle at C
QR - HL = O
(4.4)

= iPA;e”*»® — jPA, — NA, — iPB; + iPBye™**»? — NB, =0
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(iii) Shear force equilibrium at C
KGA(—w; + 6, +wg —6g) =0
= —i(P — kp)A,e”*p® + (P — k,)A; — (ke — N)A;
+i(P —ky)By, — i(P — ky)Bye™*»? — (k, — N)Bs
=0
(iv) Moment equilibrium at C

EI6] = EI6),

= k,PA;e"*v® + k,PA, — k,NA4 — k,PB; — k,PBye~"»"
+k,NB; =0

(v) Transverse displacement boundary condition at A
w, =0
= Ay + Aze 0% + A4, =0
(vi) Moment boundary condition at A
EI6, =0
= —k,PA; — k,PAe"*p® + k,NA; = 0
(vii) Transverse displacement boundary condition at B
wr =0
= Bye *v? + B, + B, =0
(viii) Moment boundary condition at B
EI6, =0

= —k,PB,e"*»? — k,PB, + k,NB, = 0
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4.2.2 Process of Eliminating Unknowns

Adding k,P x Eg. (4.7) to Eq. (4.8) results in:
A; =0
Adding k,P x Eq. (4.9) to Eq. (4.10) produces:
B,=0
Substituting Eq. (4.11) into Eq. (4.7) yields:
A, = —A el
Substituting Eq. (4.12) into Eq. (4.9) gives:
B, = _Ble—ikpb

Adding —k,P X Eq. (4.3) and Eq. (4.13) to Eq. (4.6) produces:

rg(1-7q) - »
L aT 2; kpFis(1 + e @) A e~ v

+{1 (—y)qu }

T+yde ” s

B3=

Substituting Egs. (4.13) to (4.15) into Eq. (4.5) results in:

{(1 + YeZ)Ye 2(1 - qu)k Fss}ye

{2(1+V We — (1 = vZ)vEkyFys}
(1 +vdvé

{2(1+V We — (1 = ¥Z)vEkpFss}

(1 —£)Ae " v?

(1—tr)By

where £, = —e?%p® f, = —e~2tkpb

Substituting Egs. (4.13) through (4.16) into Eq. (4.4) gives:

(1 -t )A e H*r® = (1 - t)B;
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(4.14)
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(4.16)
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Substituting Egs. (4.13)—(4.16) into Eq. (4.3) yields:

21 +vDy.(1 + 1)
{1 -vd)a+w)
+ 1Y (V2 +v2)(A — E)}kpyE Fos|AreH9?
=2 +¥Dy.(1 + tr)
—{(1-v))Q+1tp)
— iy (V2 +v) (A — Er) Yy 2 Fss| By

(4.18)

Substituting Eq. (4.17) into Eq. (4.18) produces a closed form frequency equation.

(¢, — tr)
{20 =vE) @ — B + 207 (VB +vE) (1 — E) (1 — TR) ek Fis

41 +v2)Ye (4.19)

=0

4.3 Extending the Frequency Equation to Other Support

Conditions

As discussed in Section 3.4, Eq. (4.19) can be used as a frequency equation that
can be applied to any arbitrary support condition. These conditions are parameterized
by t, and t; for wave numbers and phase shifts at the support, accounting for
wave reflection occurring at the beam support [Par17].

£, = pLeke® (4.20a)
tg = Bre 2vP (4.20b)
where 8, and Br depend on the type of support condition as described in Table

4.1 are the same as 3, and Sy in Table 3.1.
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Table 4.1 Phase shift at the left and the right end of a beam according to support

conditions
Support
conditions .
hinge-roller fixed-free fixed-roller
S " (simply supported) (cantilever) (propped cantilever)
uppo
position
Loft end” B =-1 Br=Brix ™" B = Brix
eft en
¢, =-m ¢ = arg [Brix] ¢, = arg [Brix]
ER =-1 ER = Ef‘r‘ee*** ER =-1
Right end™ ~ - _ _
pr=m ¢pr = arg [.Bfree] prp=m
Support
conditions fixed-fixed
hinge-free free—free
Support (both fixed)
position
7, = 1
Left end” EL = Efix EL =-1 t ,Efree
eft en
5 = 3. b, = — _ 1
= ar = -7
¢L g [ﬁflx] ¢L ¢L = arg [ _ ]
free
fe= 1
Rish & . Efix ER = ﬁ_free ER = ﬂ_free
1ght en _ B B B
J’R =arg [_1 ] ¢r = arg [.Bfree] ¢pr = arg [Bfree]
fix
* ﬁ_L = eiaL
**ER — ei$R
wkk __ P+iN 5 _ P+iy2N
ﬁfix ~ PN’ ﬁfree - _P—iygN
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4.4 Approximate Solution

4.4.1 Derivation Process of the Approximate Solution

The nth modal frequency w;; satisfying Eq. (4.19) is expressed by using the
Taylor expansion for the local flexibility Fy; associated with mode Il crack:

dw
dFs

Wi = &)\ + A(UH = &)\ + P:S‘S + H.O0.T. (421)

Slw=kp,Fss=0

where @ denotes the nth modal frequency of an intact beam satisfying Eq. (4.19)
with F,; = 0. The higher-order terms in Eq. (4.21) are negligible when F; is
sufficiently small. Eq. (4.21) is approximated as follows by applying the chain rule

between w and k,:

_, do di,
@i = CT dk, dF,

Fys (4.22)

S kp=kp,Fss=0

where denotes a variable in which w = @ hereinafter.

dkp in Eq. (4.22) is obtained by differentiating Eq. (4.19) with respect
AFss\ k=T, Fss=0

to F. The process of differentiating Eq. (4.19) with respect to Fy, is detailed in
Appendix (A6).

dk,

dEcs kp=§p:Fss=0A ) ) ) o R (423)
(=78 G — ) + P (72 +75) (A — &, — te + G Ky
4i(1+ 751+ OtLTe L

p_ 1 (0B _ O9Br
where ¢ = (ﬁLak,, ﬁRak,,)

kp=kyp
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Because &, =ty to satisfy EqQ. (4.19) with F, = 0, EQ. (4.23) can be simply

expressed as:

dk,
dFs

ROZH93) (1 \k
4(1+y2)(1+()<2 £, ) (4.24)

kp=Ky,Fss=0

Substituting B, = e®L from Eq. (4.20) into Eq. (4.24) produces:

22(92 472 JO
7i (7 +74) {1 — cos? <Epa + %) }kL—p (4.25)

dk,
1+ yz)(l +{)

dFsg

kp=Fkp,Fss=0

1 a0y . -
Note that (Z_E_tR) in EqQ. (4.24) becomes 4{1—cos2 (kpa+%)}

because ti = cos(ZEpa + (ﬁL) — isin(ZIEpa + (;BL) and tz = cos(Zpr - ¢_>R) —

L

isin(2k,b — ¢r) = cos(2kya + ¢, ) + isin(2k,a + $,) for £, = .

Substituting Eq. (4.25) into Eq. (4.22) results in:

72(72 + 92
( ) {1 — cos? <Epa

ok, (1 yz)(l +{)

¢L ~ Iss
2>}k PL

Finally, Eq. (4.26) is converted in terms of the normalized modal frequency shifts

. dw
W = w dk

(4.26)

(NMFS) &;; which denotes the fractional reduction of modal frequency due to the

effect of mode II crack:

) ~ s2( 2 + ~2 A
e _O-on_ 7 (g i) 2{1 ~ cos <k 0t ¢’L>} (4.27)
& (A+9H(1+)0 b

d
where ¥ = — and p = - representing the phase and group velocity of an intact

P dkp

beam, respectively.
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4.4.2 Approximate Solution Considering Mode Il crack

Because Eqg. (4.19) is a nonlinear frequency equation for the angular frequency w,

the approximate solution to Eq. (4.19) is derived and expressed as the NMFS &, to
investigate the effect of the mode Il crack on the fractional reduction of the modal
frequency of the nth bending mode.

Eq. (4.27) can be rewritten in the following expression:

St =Y {1 — cos? <kpa + %)}T (4.28)

~ $52(552 152 P
where ,; = 4 (e +7) % will hereinafter be referred to as an NMFS-factor for

- (1+98)(1+0)
the mode Il crack. Eg. (4.28) implies that the effect of the mode Il crack on the

fractional reduction of the nth modal frequency is determined by v, and

cos? (I?,pa + %), which corresponds to the square of the modal curvature of the intact

beam at the crack location [Par17]. When a crack is located on the node of the nth
bending mode, the corresponding modal curvature of the intact beam at the crack

location is zero. In this case, Eq. (4.28) can be simply expressed as follows:

R ~ F
S = lpu% (4.29)
When a crack is located on the antinode of the nth bending mode, the NMFS &,

bL

in Eq. (4.28) becomes zero because cos? (IEpa + 7) =1 for the bending antinode

at which the modal curvature reaches a maximum. The NMFS in Eq. (4.28) clearly
shows that the effect of a mode II crack occurs at the bending node, as shown in Eq.

(2.2). Conversely, if the crack is located at the bending antinode, the effect of the
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mode II crack is not observed.
Fig. 4.3 shows {;; as a function of the frequency normalized by the cut-off
frequency for different support conditions. The different support conditions produce

approximately identical results for 1;;. It should be noted that ;; is independent

. . . 1 . =
of the thickness and material properties of the beam. Because s in Yy

is approximately 1 within the range of frequencies of interest, 1, is simply
approximated by ¥;; = yZ(yZ +yZ) as shown in Fig. 4.3. The NMFS-factor
increases with frequency, meaning that the NMFS associated with mode II crack

increases as the corresponding modal frequency increases.

1

O  Simply-supported
O Fix-free
ogr Y Fix-hinge
¢ Fix-fix
5 +  Hinge-free = %
S 0.6 & Freefree @ B
:/'_) Simplified
L
= 047
z
021
0 ! ! ! !
0 0.2 04 0.6 0.8 1

Frequency normalized by cut-off frequency

Fig. 4.3. NMFS-factor for different support conditions and the simplified NMFS-
factor.

4.4.3 Comparison with Approximated Solution Considering Mode | Crack
For comparative purposes, the NMFS &, for a frequency equation that considers

the effect of the mode | crack on a cracked Timoshenko beam is introduced as
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follows [Par18]:

s o - bL. Fop
& =P cos®(kya + 7) e (4.30)

~_ (-7 9
where ¥, = o809 5

will hereinafter be referred to as an NMFS-factor for the
mode | crack, while Fy,, isthe local flexibility coefficient associated with the mode
I crack.

Similar to Eq. (4.28), Eq. (4.30) implies that the effect of the mode I crack on the

fractional reduction of the nth modal frequency is determined by 1, and

cosz(l?pa + %). However, when a crack is located on the nodal point of the nth

bending mode, &, becomes zero because the associated modal curvature is zero. An
approximate solution can again explain why the bending antinodes in Table 2.2 are

only affected by the mode | crack. When a crack is on the antinode of the nth bending

mode, Eq. (4.29) can be simply expressed as follows because cos? (I?,pa + %) =1:

(4.31)

Furthermore, the NFMS-factor for mode | crack 1, can be simply approximated

® in ¢, is approximately 1

- ) .. I .
by Py =1y similar to ;;, because r=mrm3

within the range of frequencies of interest regardless of the types of support
conditions of a beam [Par18].
Fig. 4.4 shows a comparison of the simplified NMFS-factors for the mode 1l crack

(¥;;) and the mode I crack (1;) as a function of frequency normalized by the cut-off
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frequency. The first important implication that can be drawn from Fig. 4.4 is that the
NMFS-factor for mode Il crack 1, is increasing with the frequency. This means
that the associated NMFS also increases while the NMFS-factor for the mode | crack
Y, is decreasing as a function of frequency; thus, the associated NMFS decreases as
well. The declining trend of 1, as a function of frequency has been reported by
Park and Lim [Par18], which is contradictory to the premise of structural health
monitoring (SHM) for the fractional reduction of bending modal frequency.
However, the increasing trend of p;; as a function of frequency is fully consistent
with the premise of SHM, in contrast to the declining trend of ;. To the authors’
knowledge, this has not been reported before. The second implication that can be
drawn from Egs. (4.28) and (4.30) is that for a real structure in which a crack is
arbitrarily located on a beam, Egs. (4.28) and (4.30) provide the upper limits of the
NMFS. This means that the equations provide the maximum sensitivity of the NMFS
to the crack expressed by Egs. (4.29) and (4.31), which can account for the
contributions of modes Il and | crack, respectively. The intriguing point is that the
NMFS due to the mode Il crack approaches the upper limit in Eq. (4.29), whereas
the NMFS due to the mode I crack approaches zero as the location crack approaches
the bending node of an intact beam. In contrast, the NMFS due to the mode Il crack
approaches zero, whereas while the NMFS due to the mode | crack approaches the
upper limitin Eq. (4.31) as the location of the crack approaches the bending antinode

of an intact beam.
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Fig. 4.4 Comparison of simplified NMFS-factors for mode I crack (y;;) and
mode | crack (1) as a function of frequency normalized by the cut-off
frequency.

4.5 Newton-Raphson Method for Solving a Nonlinear Equation

Since the closed-form frequency equation in Eq. (4.19) is nonlinear, the modal
frequencies can be obtained using the Newton-Raphson (N-R) method, following the

same procedure as in Section 3.5. Eq. (4.19) is defined as y, which is represented by:

y —_ —_

= (t, — tr) o B B

{200 = vE) @ — B + 207 (ve +v) (A — E) (A — B ik Fss
4(1+v2ve

(4.32)

The iteration of Eqgs. (2.44)-(2.46) is then conducted until convergence to 10~7
is obtained according to the criterion given in Eq. (2.47). The derivative Z—Z used in

Eq. (2.44) can be expressed by applying the chain rule.
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dy 0y 0k,
Since only k,, isused in the chain rule in the same way as in Section 3.5, k,, k.,

P, N should all operate as correlated variables with respect to w.

The derivative aaTy used in Eq. (4.33) is obtained by differentiating Eq. (4.32)

p

with respect to k.

dy L 0e — (0t Oty
_ _ 0y
—%Hyﬁ)(n—tﬂﬁ

ay, _ _
+ [ZYq #{(1 —y2) (&, — tg)
14
+ ive (v +an?)(1 - ,)(1 - ip)} N
Yo — _ t t
+y2 {quﬁ(q — )+ (1-72) <ﬁ—ﬁ)
0Ye
ok,

(4.34)

+1i (Ye2+yqz)(1_fL)(1_fR)

, ay, 9, _ _
+ 1ye (2)/6 ﬁ + qu ﬁ) (1 - tL)(]- - tR)

. ot _
— iye(vZ + Vi)ﬁ(l — tg)
p
_ 0t
- iVe (yez + )/3)(1 - tL) #}] kass
p

+y2[(1 = vZ)(E, — tR)
+ iy (v + ) = £)(1 — tg)]Fys

Where ok, i, Oy and ok, are given by Eqgs. (3.48a), (3.48b) and Table 3.2.
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4.6 Validation

4.6.1 Numerical Example

The proposed frequency equation for a beam with a crack located at the bending
node was verified by comparing the quantitative results with those from finite
element analysis and experiment. The numerical examples used for validation
employed the same free-free beam as illustrated in Fig. 3.6. The crack is located at
the center of the beam, and the crack depth ratio varies from 0 to 0.7. The elastic
modulus, Poisson's ratio, and density of the beam are 69 GPa, 0.34, and 2700 kg/m3,
respectively. Due to the symmetry of the free-free beam, bending nodes are created
at the center of the beam for even-numbered modes, whereas bending antinodes are
generated at the center for odd-numbered modes. As described in Table 3.1, the
contribution of the mode Il crack becomes a maximum, whereas no contribution of
the mode | crack exists that concerns the NMFS associated with even-numbered
bending modes. Note that the opposite applies to the NMFS associated with odd-
numbered bending modes, as explained in Chapter 3.

Similar to Section 3.4.1, the proposed method, which considers only the impact of
the mode 11 crack, is suitable for numerical models of beams with an aspect ratio
above 10. Since the influence of the mode Il crack is proportional to the thickness of
the beam, its effects are almost negligible in bending modes below the third order in
shallow beams, where errors arise due to the impact of evanescent waves. The

influence of the mode Il crack also becomes more sensitive to frequency reduction
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in higher modes. Consequently, the proposed method is expected to accurately
predict the influence of mode Il crack in higher modes where the effects of

evanescent waves are not significant.

4.6.2 Experimental Setup

Fig. 4.5 shows the experimental setup used to verify the proposed frequency
equation. Four groups of aluminum beams with various crack depth ratios were
fabricated, as shown in Fig. 4.5. One group consists of one intact beam and seven
beams with different crack depth ratios from 0.1 to 0.7. The crack at the bottom
center of the beam was manufactured in the form of a 0.3 mm wide notch with depths
ranging from 1 mm to 7 mm (Fig. 4.5(a)). Two piezoelectric wafers (Piezo Systems
Inc. PSI-SA4E L 10 mm x T 0.191 mm x W 10 mm) were mounted on each beam to
obtain the dynamic response using the pitch-catch method. A sensing piezoelectric
wafer was mounted 43 mm away from the left end on the top of the beam (Fig.
4.5(b)), and an actuating piezoelectric wafer was mounted 50 mm away from the
center crack on the bottom of the beam (Fig. 4.5(c)). The support-free conditions of
the beam were realized by suspending the beams with two strings 10 mm in from
each end of the beam (Fig. 4.5(d)). The effect of the string locations on the modal
frequencies of the beams is negligible compared with the experimental uncertainties
caused by manufacturing errors, temperature variations, and measurement noise. A
chirp voltage input signal with a driving frequency ranging from 1 kHz to 130 kHz

was applied to the actuating piezoelectric wafer using a 16-bit arbitrary waveform
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generator (NI PXI-5422). The duration and amplitude of the chirp voltage input
signal were 1 s and 5V, respectively. The corresponding output voltage signal was
measured using a 14-bit high-speed digitizer (NI PXIe-5122). The sampling rate and
frequency resolution were 5 MHz and 1 Hz, respectively. The measurement time

corresponding to the frequency resolution was set to 1 s to allow sufficient time for

(side view) (top view)

Piezoelectric wafer

(sensor)
crack
(a) group of eight aluminum beams (b) sensing piezoelectric wafers
with increasing crack depths mounted on the top of an aluminum
beam
(bottom view)

crack

Piezoelectric wafer

(actuator)
() actuating piezoelectric wafers (d) beam suspended by two strings in a
mounted on the bottom of an free—free support condition
aluminum beam
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Fig. 4.5 Experimental setup.
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the dynamic behavior of the beam to decay. The experiment repeated 10
measurements automatically using LabVIEW™ software to obtain the measured
average output voltage signal. An example of the average output voltage signal of
the intact beam is shown in Fig. 4.5(e). The dotted line indicates the moment when
the driving frequency of the input chirp signal becomes equal to the even-numbered
mode frequency of the intact beam. The resonance phenomenon associated with the
even-numbered mode frequencies from 1 kHz to 130 kHz is clearly shown in Fig.
4.5(e). The frequency response spectrum of the beam was calculated by Fast Fourier
Transform using the input and output voltage signals. The peak frequency was
extracted from the frequency response spectrum and compared with the modal
frequency calculated using finite element analysis to identify the corresponding

mode.

4.6.3 Finite Element Analysis Setup

Finite element analysis was performed using ABAQUS 6.14/standard software on
the Nurion supercomputer located at the KISTI Supercomputing Center. The actual
thickness and length of the four groups of aluminum beams were measured using a
caliper with a resolution of 1/100 mm. The average thickness and length values used
to obtain numerical results from the proposed method and finite element analysis
were 10.25 mm and 197.94 mm, respectively. Note that this is the same specimen
used in Section 3.6.3. A mesh layout (811,800 8-node secondary solid element L 50

um x T 50 um) was used for element discretization to accurately calculate the change
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in modal frequency. The mechanical behavior of the crack was simulated by creating
double nodes on the frictionless crack surface during finite element discretization
[Par18]. The modal frequency was calculated for comparison with the finite element
analysis in which the finite element associated with the notch region had been
removed because the effect of mass reduction due to the notch can cause a significant
change in the modal frequency of the cracked beam. The effect of mass reduction
due to the notch on the calculated modal frequency was negligible compared with
the experimental uncertainty [Par18]. For the finite element analysis, the increments

of the different crack depth ratios were set to 0.05.

4.6.4 Free-Free Beam with a Crack at the Bending Node for an Aspect Ratio of

19.8

Table 4.2(a) shows the mean values of the modal frequencies of the four intact
beams obtained through the experiment. There are nine even-numbered bending
modes from the 2nd to the 18th bending mode. The modal frequencies associated
with the odd-numbered bending modes have been omitted because no contribution
from the mode II crack existed for the crack on the antinodes.

The consistency of the modal frequency for the experiment was confirmed by the
standard deviation of the frequency of the experimental mode which was <0.5796%.
Table 4.2(b) shows the mean fractional reduction values in the modal frequency of a

cracked beam compared to that of an intact beam.
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Table 4.2 Experimental results: (a) The mean values of experimental modal
frequencies of intact beams (unit: kHz); (b) The mean fractional reduction values
in the modal frequency of cracked beams compared to that of an intact beam
(unit: %)

Crack
epth
tio | Intact® | 0.0907®* | 0.189® | 0.294® | 0.393®) | 0.492® | 0.590® | 0.687®
Mode
No.
BM2* 3.698 0.4597 0.3312 0.2501 0.3042 -0.05408 | 0.00676 | 0.08788
BM4 11.35 0.3966 0.2886 0.2313 0.3217 0.1256 0.2776 0.5552
BM6 22.01 0.2590 0.1079 0.1999 0.2510 0.1454 0.5748 0.7963
BMS 34.67 0.2740 0.1471 0.2243 0.4132 0.5466 1.090 1.630
BMI10 48.65 0.3849 0.2662 0.3042 0.4918 0.7781 1.468 2.341
BM12 63.33 0.2996 0.2724 -0.1129 0.4070 0.9869 1.874 3.049
BM14 78.52 0.2719 0.1089 0.1984 0.4254 0.9794 2.236 3.880
BM16 93.87 0.3225 0.05646 0.1771 0.5963 1.160 2.336 4518
BM18 109.2 -0.0490 -0.03045 0.2054 0.9652 1.660 3.399 5.375

* The first letter “BM” stands for bending and the following number represents the number of
the corresponding mode.

** The ratio of the mean value of the measured crack depths to the average thickness (10.25 mm)
is used to represent the crack depth ratio.

Fig. 4.6 shows the modal frequencies as a function of the crack depth ratio from
the proposed frequency equation compared with those obtained from the finite
element analysis and several different experiments. Note that the mean values of the
modal frequencies from the four groups of aluminum beams are used in the
comparison. The frequency range is from 0 to 120 kHz, including the first nine even-
numbered bending modes of the beam. Solid lines denote the modal frequencies
computed using the proposed frequency equation (Eq. (4.19)), while “x” and “0”

represent the modal frequencies obtained from the finite element analysis and our
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current experiment, respectively. Because Eq. (4.19) is nonlinear for the modal

frequency, the N-R method was used to solve the equation. The increment for

varying the crack depth ratio was set to be small enough to guarantee convergence

of the N-R method. The initial guess of the N-R method was the modal frequency of

an intact beam. Then, the solution for the current crack depth ratio became the initial

guess for the next crack depth ratio, which was repeated until the required crack
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Fig. 4.6 Modal frequencies from the proposed frequency equation as a function of
the crack depth ratio compared to those from finite element analysis and actual

experiments. (——: proposed method, --_:

element analysis, 0: experiment).
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depth ratio was reached. The modal frequencies obtained from the proposed method
were consistent with those obtained from the finite element method and our current
experiment. The declining trend of the modal frequencies was clearly observed as
both the mode number and the crack depth ratio increased. Note that the dotted lines
in Fig. 4.6 represent the modal frequencies computed using the proposed method
with F;¢ = 0 in which only the mode I crack was considered. The same N-R method
was used to solve the frequency equation because it is also nonlinear for the modal
frequency. No declining trend in the modal frequencies was observed for the crack
depth ratio throughout all bending modes. This implied that mode I crack did not
affect the reduction in the modal frequencies of the beam regardless of the crack
depth ratio when the crack was on a bending node. The mode II crack then needs to
be considered to predict the modal frequency reduction properly.

Fig. 4.7 shows a comparison of the normalized modal frequencies for the even-
numbered bending modes in Fig. 4.6, indicating more clearly the declining trend of
the modal frequencies with increasing mode number and crack depth ratio. The
normalized modal frequency (NMF) represents the modal frequency divided by that
of an intact beam. The symbols used in Fig. 4.7 are identical to those in Fig. 4.6.
The proposed method is consistent with finite element analysis for all bending
modes. Although some discrepancies exist between the proposed method and the
experimental results, particularly for incipient cracks in lower bending modes,
consistency is observed in terms of the overall declining trend of the NMF with

increasing mode number and crack depth ratio. While a similar decreasing trend is

122



observed, it seems inappropriate to attribute the discrepancy to errors due to the size
of the beam, since these errors exclusively occur at incipient cracks in experiments.
The author also agrees that this discrepancy is unusual. In particular, in Chapter 2,
no similar problems were found in the examples with deep beams. The observation
of lower result in the experiment of shallow beams with incipient cracks warrants
further investigation. The effects of the mode II crack on the NMF begin to appear
when the crack depth ratio is approximately 0.4 for bending modes lower than the
6th and 0.3 for bending modes higher than the 8th. The effects of the mode II crack
become more significant as both the mode number and the crack depth ratio

increase, as described in Section 2.4.
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Fig. 4.8 shows the NMFS’s as a function of the mode number for six crack depth
ratios from 0.2 to 0.7. As in Fig. 4.7, the symbols used in Fig. 4.8 are identical to
those used in Fig. 4.6. Note that the dotted line represents an approximate solution
rather than the conventional method. The proposed method using Eg. (4.19)
produces satisfactory results compared with those obtained from the finite element
analysis and experiment. The NMFS values predicted by Eq. (4.27) are also shown
in Fig. 4.8 because Eq. (4.27) produces an approximate solution to Eq. (4.19) as a
function of the mode number for different crack depth ratios without the need for the
N-R method. Eq. (4.27) yields satisfactory results compared to the experimental
results when the crack depth ratio is < 0.4. As the crack depth ratio becomes > 0.5,
the numerical results from Eqg. (4.27) deviate from the experimental results due to
the linear approximation in Eq. (4.21). Furthermore, it is clear that the theoretical
implications drawn in Section 4.4 are strongly supported by the NMFSs in Fig. 4.8.
The increasing trend of the NMFS as a function of the mode number for all crack
depth ratios in Fig. 4.8 implies that the effect of the mode Il crack on the fractional
reduction of the modal frequency becomes more sensitive as the mode number
increases, which is consistent with the SHM premise. Note that the sensitivity of the
mode Il crack to the fractional reduction in the modal frequency has been expressed
by the simplified NMFS-factor for the mode I1 crack ();;) in Section 4.4. In the past,
a bending node was regarded as a blind zone for assessing cracks. However, this
blind zone can be significantly reduced using the higher modal frequencies, as shown

in Fig. 4.8.
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Fig. 4.9 shows a comparison of the bending mode shapes for the 4th, 10th, 14th,
and 18th modes as a function of the crack depth ratio for the proposed method and
the finite element analysis. The solid and dotted lines represent the mode shapes of
the finite element analysis and the proposed method, respectively. Once the modal
frequencies were calculated using Eq. (4.19), the two-dimensional mode shape
vectors on the neutral axis of the beam were obtained at the left and right sides of a
crack from Eq. (4.2), respectively. Two-dimensional mode shape vectors were then
calculated at the feature edge of the beam by combining the kinematics of the
Timoshenko beam theory. The mode shape vectors were magnified using a proper
scaling factor for the readability of the mode shapes. The proposed method and the
finite element analysis are consistent in the evolution of the mode shapes as a
function of the crack depth ratio. As described in Section 2.1, a discontinuity of the
neutral axis in the transverse direction occurs at crack locations because the mode 11
crack affects the bending mode shape in the vicinity of the crack. For the 4th mode,
all bending mode shapes are practically identical to that of an intact beam because
the effect of the mode Il crack on the bending mode shape rarely appears throughout
the range of crack depth ratios. The effect of the mode Il crack begins to appear
slightly in the 10th mode when the crack depth ratio is 0.7, becoming more evident
in the 14th mode when the crack depth ratio is > 0.6. For the 18th mode, the evolution
of mode Il crack in the vicinity of a crack is clearly observed in the bending mode
shapes when the crack depth ratio > 0.4. Note that the comparative result in Fig. 4.9

justifies the assumption that only the mode Il crack influences the modal behavior
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of the beam in the vicinity of a crack on a bending node.

Crack depth ratio=0.1 Crack depth ratio=0.1

Crack depth ratio=0.7 Crack depth ratio=0.7
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(c) 14" bendlng mode (d) 18" bending mode

Fig. 4.9 Evolution of mode Il crack in the vicinity of a crack in bending mode
shapes as a function of the crack depth ratio for different bending modes (- - - :
proposed method, —: finite element analysis).
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Chapter 5

Conclusion

This study has proposed a new analytical model capable of predicting the modal
frequencies of two-dimensional beams with a transverse crack, regardless of the
aspect ratio of the beam and crack location. The conventional method used by most
researchers predicted the modal frequencies on the cracked beam by considering
only the discontinuity of the rotational angles on either side of the crack. The
conventional method produced errors in the prediction of modal frequencies,
especially in beams with low aspect ratios and in the higher-numbered bending
modes. This study has proposed a new analytical model capable of predicting the
modal frequencies of two-dimensional beams with a transverse crack, regardless of
the aspect ratio of the beam and crack location. The conventional method used by
most researchers predicted the modal frequencies on the cracked beam by
considering only the discontinuity of the rotational angles on either side of the crack.
The conventional method produced errors in the prediction of modal frequencies,
especially in beams with low aspect ratios and in the higher-numbered bending
modes. Since accurate modal frequency prediction is essential for structural health
monitoring, these errors limit the use of the equations of the conventional method.

In Chapter 2, a frequency equation was presented that accurately predicts the
behavior of two-dimensional beams with a transverse crack. The proposed method

incorporates three compatibility conditions along with five local flexibility
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coefficients to account for the ABSMC at the crack. The ABSMC refers collectively
to the axial-bending modal coupling (ABMC) caused by the mode I crack and the
shear effects induced by the mode Il crack. The three compatibility equations were
derived from the constitutive equations at the crack site and the principles of linear
elasticity theory. The proposed method for the beam was based on the derivation of
spectral solutions from both the Timoshenko beam theory and the elementary rod
theory. By considering rotational inertia and shear deformation, the proposed method
is accessible for higher modes or cases with low aspect ratios. The proposed method
was represented by a 12 x 12 characteristic matrix, and to ensure a non-trivial
solution, the corresponding frequency equation was expressed such that the
determinant of the characteristic matrix equals zero. Furthermore, the N-R method
is employed to compute the modal frequencies because of the nonlinearity of the
frequency equation with respect to the angular frequency.

The proposed method was validated through a comparison with finite element
analysis and experimental results for cases where cracks were located at the center
and 0.45 L away from the left end of a free-free beam, respectively. When the crack
was located at the center of the beam, the contributions of modes | and Il crack to
the four types of vibration modes were elucidated following the compatibility
conditions. When the crack is located at either the bending antinode or the bending
node, the effects of modes I and 11 crack act independently without influencing each
other. In cases where the crack was located 0.45 L from the beam, the evolution of

the mode shapes allowed a clear observation of the contributions of both modes |
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and Il crack. In the first two bending modes or up to a crack depth of 0.3, the
influence of the mode I crack was dominant. However, as the mode number increases,
the influence of the mode Il crack significantly increases and becomes comparable
to that of the mode | crack. Finally, the proposed method has successfully predicted
the influence of the ABSMC on cantilever deep beams with various crack locations
through a comparison with finite element analysis.

In Chapter 3, the study presented a closed-form frequency equation for beams with
a crack located at the bending antinodes. When a crack is located at the bending
antinode, it is solely influenced by the mode I crack, eliminating the effects of the
mode Il crack. Since only the mode | crack was considered, the proposed method
applied the compatibility equation from Chapter 2 by setting the local flexibility F,,
corresponding to the mode Il crack, to zero. In the higher modes, the evanescent
waves generated by supports or cracks tended to decay before reaching other cracks
or supports, thus allowing for the assumption that these evanescent waves could be
neglected.

A numerical example where the crack is located at the bending antinode was
used to validate the proposed method by comparing the results with those of finite
element analysis and experimental data for crack depth ratios ranging from 0 to 0.7.
The effects of ABMC were particularly significant concerning the crack depth ratio,
notably when the axial and bending modes were adjacent to each other. Using a beam
with an aspect ratio of 19.8, ABMC was observed for bending modes above the third

order without the influence of evanescent waves. The ABMC found that the axial
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and fifth order and above bending modes occur adjacent to each other, so the
proposed method accurately predicts the modal frequencies regardless of the
influence of evanescent waves.

In Chapter 4, a closed-form frequency equation was presented for beams with a
crack located at the bending node. When a crack is located at the bending node, it is
only affected by the mode Il crack, which eliminates the effects of the mode | crack.
Since only the mode Il crack was considered, the proposed method applied the
compatibility equation from Chapter 2 by setting the local flexibilities F,,, Fpp,
F,,, Fpa, corresponding to the mode | crack, to zero. Similar to Chapter 3,
evanescent waves occurring at cracks or supports were not considered.

This study identifies two crucial findings from a comparison between the proposed
approximate solution for the mode Il crack and the existing solution for the mode |
crack. First, the influence of the mode Il crack on the normalized modal frequency
shifts (NMFS) is maximized at the bending nodes and minimized at the bending
antinodes, in contrast to the mode | crack where the effects are reversed. Second, the
sensitivity of mode 11 crack effects to NMFS increases with higher mode numbers,
as shown analytically by the NMFS-factor for mode Il crack. However, the
sensitivity of mode | crack effects to NMFS decreases with the number of modes.

The proposed method was validated by comparing it with the results of finite
element analysis and experiments. The proposed frequency equation satisfactorily
predicted the fractional reduction of modal frequencies caused by a crack at a

bending node compared to those of finite element analysis and experiments. The
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NMFS for increasing mode number was observed to be sensitive for all crack depth
ratios, as predicted by the NMFS factor for the mode 1l crack in the approximate
solution. The effects of shear became more pronounced with increasing crack depth
and mode number when observed through mode shapes. Considering only the
occurrence of shear at the crack without crack opening, this justifies the assumption
that only the mode Il crack affects the modal behavior of the beam near a crack at a
bending node, whereas the mode | crack has no effect. In addition, there were some
discrepancies in the incipient cracks in the experimental results; however, it is

difficult to attribute them to environmental factors, and further research is needed.
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Appendices

1) Appendix (Al)

Displacements on either side of the crack can be represented as elastic strain

energy using Castigliano’s theorem, as follows [Dar04]:

3 a(UO)L

u{-“ = a—PLL (Alla)
aUuN: auc

R —— ¢+ — Al.lb

YT pr T opR (AL.1b)

where U° and U¢ denote elastic strain energy of the intact and by the crack,
respectively. u; and P; are displacement and force, respectively.

The displacement jump can be represented as follows using Eq. (Al.1).

ouc
ui _ul‘ = 3P
L

R L

(AL.2)

By substituting Eqg. (A1.2) into Eq. (2.2), which is the constitutive equation of the

crack as follows:

auc

Fr cijPj (A1.3)

where c;; are the compliance coefficient.

The partial derivative for P, is applied to both sides in Eq. (A1.3).

a auc d

3P, (a_a) =P, (cijPy) (AL.4)

By rearranging Eq. (A1.4), the compliance coefficients can be defined as shown

in Eq. (2.13).
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2) Appendix (A2)

The six equations for a fixed-free support condition are expressed as follows:

(i) Axial displacement boundary condition at A

u; = 0
=4, = _Aleika (A21)
(ii) Transverse displacement boundary condition at A
wp = 0
= Az + Age % + Ag + AgeTHed = 0 (A22)
(iii) Rotational angle boundary condition at A
HL = 0
—iPA; + iPAje " »® — NA + NAge %@ = 0 (A2:3)
(iv) Axial force boundary condition at B
EAup =0
(A2.4)

= B, = Bye~ b
(v) Shear force boundary condition at B
KGA(wg — 0g) =0
= —i(k, — P)Bse~ "¢ + i(k,, — P)B, — (k, — N)Bge keb (A2.5)
+ (ko —N)Bs =0
(vi) Moment boundary condition at B

EIf} =0

= —k,PBse~"*»? — k,PB, + k,NBse e’ + k,NBg = 0 (A26)
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The six equations for a free—free support condition are expressed as follows:

(i) Axial force boundary condition at A
EAu; =0

= Aetk? = 4,
(i1) Shear force boundary condition at A

kGA(w, —0,) =0
= —i(k, — P)Az + i(ky, — P)Ase "% + (N — k¢)As
+ (ke — N)Age @ =0
(iii) Moment boundary condition at A
EI6, =0

= —k,PA; — k,PAe™®»® + k,NAs + k,NAge %@ = 0

(iv) Axial force boundary condition at B
EAul =0

= B, = Bye b
(v) Shear force boundary condition at B

KGA(wg —6z) =0
= —i(k, — P)Bse *»® + i(k, — P)B, — (k, — N)Bse~e?
+ (ke —N)Bg =0

(vi) Moment boundary condition at B

EIf} =0
= —k,PBse™"*»" — k,PB, + k,NBse P + k,NBg = 0
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The six equations for a fixed-fixed support condition are expressed as follows:

(i) Axial displacement boundary condition at A
uL - 0
= A, = —A ek
(ii) Transverse displacement boundary condition at A
wp = 0
= Ag + Age 0% + Ag + AgeRe® = 0
(iii) Rotational angle boundary condition at A
9L = 0

—iPA; + iPAje % r® — NAg + NAge %@ =0

(iv) Axial displacement boundary condition at B

(v) Transverse displacement boundary condition at B
WR = 0
= Bye %o + B, + Bie7keb + B =0
(vi) Rotational angle boundary condition at B

HR - 0
= —iPBse *»P + iPB, — NBse %e? + NB; = 0

137

(A2.13)

(A2.14)

(A2.15)

(A2.16)
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The six equations for a fixed—roller support condition are expressed as follows:

(i) Axial displacement boundary condition at A
uL - 0
= A, = —A ek
(ii) Transverse displacement boundary condition at A
wp = 0
= Ag + Age 0% + Ag + AgeRe® = 0
(iii) Rotational angle boundary condition at A
9L = 0
= —iPA; + iPAse”*r® — NAg + NAge %@ = 0
(iv) Axial force boundary condition at B
EAup =0
= B2 = Ble_ikb
(v) Transverse displacement boundary condition at B
WR = 0
= Bye %o + B, + Bie7keb + B =0
(vi) Moment boundary condition at B

EI0, =0

= —k,PBse " — k,PB, + k,NBse %e? + k,NBg = 0
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The six equations for a hinge—free support condition are expressed as follows:

(i) Axial displacement boundary condition at A
uL - 0
= Alelka = _AZ
(ii) Transverse displacement boundary condition at A
wp = 0
= Ag + Age 0% + Ag + AgeRe® = 0
(iii) Moment boundary condition at A
EI6, =0
= —k,PAs — k,PAse™ "% + k,NAs + k,NAge Fe@ = 0
(iv) Axial force boundary condition at B
EAup =0
= B2 = Ble_ikb
(v) Shear force boundary condition at B

kKGA(wgp —6g) =0
= —i(k, — P)Bse~*»? + i(k, — P)B, — (k, — N)Bge ke?
+ (ko —N)Bg =0
(vi) Moment boundary condition at B

EI6} =0
= —k,PBse~"*»" — k,PB, + k,NBse ¥e? + k,NBg = 0
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3) Appendix (A3)

The characteristic matrix C for the different support conditions can be obtained
by substituting ¢;; inthe last six rows (7 < i < 12) corresponding to each support
condition in Eq. (2.42) using the six equations provided in Appendix (A2). The non-
zero components ¢;; (7 < i < 12) for the fixed-free support condition are defined

by combining Egs. (A2.1) to (A2.6).

— ,ika — — _ ,—ikya _
Czi=e %, =1 ¢cg3=1, cga =€ "P% cgs=1
Cag =e kel oo =—iP, co, = iPe %P2 ¢y = —N
86 = » Cg3 = » Cgq = > Cgg =
_ N o—kea _ _—ikb _
Coe = Ne ™%, ci97 =€, €198 = —1,
— —ikyb _ )
110 = —i(k, — P)e ™2, ¢;1 10 = i(k, — P) (A3.1)
_ —keb _ _ —ik,b
c1111 = —(ke = N)e™™e”, c1112 = ke — N, c129 = —k,Pe™""?
_ _ —keb _
C12,10 = —ka, Ci211 = keNe™ €%, ¢1515 = kN

The non-zero components ¢;; (7 < i < 12) for the free-free support condition
are formulated by amalgamating Egs. (A2.7) to (A2.12).

c71=€"%, ;5= =1, gz = =ik = P), cgu = i(k, — P)e™"¥"

Cgs5 = N — k65 Cge6 = (ke - N)e_kea, Cg3 = —ka

Coq = —kae_”‘Pa, Cos = keN, cgg = k,Ne kea, Cro7 = e~ ikb

Cros = —1, c119 = —i(ky, — P)e™™ %", ¢, 10 = i(k, — P) (A3.2)
ci101 = —(ke = N)e ™ P ¢y 15 =k, =N, 159 = —kae_ikpb

1210 = —kpP, 1211 = keNe P, 1515 = kN
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For the fixed-fixed support condition, the non-zero components ¢;; (7 <i < 12)

are represented by combining Egs. (A2.13) to (A2.18).

_ ,ika _ _ _ ,—ikya —
Cri=e"%, ;=1 ¢c33=1, cgg=€ P, cgs=1

CB,G = e_kea, C9’3 = _lP, C9’4 = iPe_lkPa, C975 =—-N

— No—kea _ _—ikb _ _ —ikyb _
Cop = Ne "%, o7 =¢ , Clog =1, cri9 =€ "P7, ¢1110=1 (A3.3)

ikpb

_ b _ _ . - s
C1111 =€ "¢, C11,12 = 1, €129 = —iPe » C12,10 = IP

_ —kob _
Ci211 = —Ne ™", ¢i312 =N

The non-zero components ¢;; (7 < i < 12) of a fixed-roller support condition

are constructed by merging Egs. (A2.19) to (A2.24).

— ,ika — _ _ ,—ikya _

Cz1=e"%, =1 ¢cg3=1, cga =€ "P%, cgs=1

Cge =e ke g3 = —iP, cq, = iPep® =—N

8,6 — » Cg3 = —l, Cgq = L€ » Cg5 =
_ —kea _ ,—ikb _ _ _—ikyb

Coge = Ne e ¢ =e o =-1, c =e 'p

9,6 > 10,7 > 10,8 > “11,9 (A34)

_ _ —keb _ _ —iky,b
11100 =1, c1111=€77¢°, c1112 =1, €139 = _kae P

_ _ —keb _
C12,10 = —kpP, €111 = keNe™ "¢, ¢1515 = kN

The non-zero components ¢;; (7 < i < 12) for a hinge-free support condition

are defined by amalgamating Egs. (A2.25) to (A2.30).

C7q = etka —ikya

— ,—kea _ — —ikya —
=e "% cg3 = —ka, Coq = —kae P4, cg5 = kN

, C72=1,¢c33=1 cga=c¢ , Cgs =1

Cs6
_ —kea _ ,—ikb _

Co6 = keNe™™%, ¢ip7 =¢ , €108 = —1
— —ikyb _

€110 = —l(kp - P)e PP, C1110 = l(kp - P)

—Keb _ _ —ikyb
—(ke —N)e™™¢®, 1112 =ke — N, €129 = —k,Pe™"?

(A3.5)

C11,11 —

_ _ —keb _
C1210 = —kpp, Ci211 = keNe ™, ¢151, = kN
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4) Appendix (A4)

. i . aC ac ac
For a simply supported condition, the non-zero components y; jom oo ==, =,
oK’ 8k, Bk,
ac ac
FY and — are expressed as follows:
. . aC
(i) Non-zero components in T
Y11= _iFaae_ika —ia(l- ikFaa)e_ikaa Y12 = tFaq,
Vig = ibe P, y3 1 = iFye ™ + akFye ™%, y3, = —iFy,
Yar = —ige~tka, Vag = —ibe~kb, Y71 = iqetka (A4.1)
V107 = —ibe P
. . aC
(i) Non-zero components in FTe
p
V1,3 = _Fabpe_ikpa + iaFabkae_ikpaa Y14 = — abP

Va3 = —iFse ¥ % —ia{1 — i(k, — P)FysJe 0%, y,, = iFy
Y210 = ibe ¥PP .y 5 = PFyye~*p® — ia(iP + ky,PFyy)e " *v®

V34 = PFpp, V310 = bPe %P y5 5 = ie 7 *p® — q(P — k,)eH*p®

Vsa = =i V59 = =i, V510 = {i — b(P — kp)}e~H»? (A4.2)
Vo3 = Pe "% —iak,Pe *r? y, 4, =P, Y59 = —P
Y610 = —Pe %P + ibk,Pe " v" vy, = —iae %, yq; = —P

Y94 = —Pe ~tkpa +lak Pe~tkpa , Y110 = —ibe~ikpb

Y129 = —Pe~thpb 4 ibkae_i pb Y1210 = —P
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. ac
(iii) Non-zero components in ET

V15 = Fabl\/(1 - ake)e_kea, Y16 = F,,N
Va5 = {—Fss — a+alk, — N)Fgg}e™ %, y, 6 = Fyg, V2,12 = be™"e?
Y35 = (—NFpp — aN + ak NF,,)e e y; o = —NFy,

V312 = —bNe %Py = e *e@ —q(k, — N)e7Fe?, ys o= —1

=-1
Y511 (A4.3)
Y512 = e % — b(k, — N)e7*eb| yo 5 = —Ne *e@ + ak,Ne~*e?
_ _ _ - -k
Ye6 = —N, Y611 =N, V612 = Ne keb — pk,Ne~keb
Yoo = —ae ¥e® ygs =N, ygq = Ne Ke@ — gk ,Ne kea
V11,11 = —bekeb, Y1211 = N(1 — bk,)e kel Y1212 = N
) T
(iv) Non-zero components in 3
— —ik _ : —ik
Y13 = — abkpe Hpa, Y14 = _Fabkp: V2,3 = iFge Hpd
. e —ik .
V2,4 = —iF, V33 = (l + kabb)e o, V34 =L+ kabb
_ . ] _'k b _ . _'k T T
Y39 = —1, Y310 = l€ Hp®, V53 = —le T, VY54 =1, V59 =1
_ .+ —ikpb _ —ik _ _ .
Ysi0 = —ie™"P°, ye3 = ke P, o4 = ky, Yoo = —kp (A4.4)
_ —ikyb _ _ —ik
Y610 = _kpe L Vo3 = _kpa Vo4 = _kpe o,
_ —ikyb —
Y120 = —kpe ™%, y1210 = —kp
. ac
(v) Non-zero components in P
_ -k _ _ -k _
Y15 = Fapkee e®, Y16 = Fapke, Y2,5 = Fiqe e®, Y2,6 = —Fsg
_ -k _ _
Y35 = (1 — keFpp)e ™%, y36 = —1—keFpp, V311 = —1
_ —kob — __—kea _ _ — __—keb
= e %Y, = —e et =1, =1, = —e e
V3,12 V5,5 V56 V5,11 V5,12 (A4.5)
_ -k _ _ _ —kob
Ye5 = —kee ed, Yo6 = —Ke» Vo11 = Ke» Vo2 = kee ™"

_ _ —kea _ —kob _
Yo5 = Ke» Yo = ke %, V1211 = ke ", V1212 = ke
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Note that for all support conditions, % aligns with the simply supported

condition as detailed in Eq. (A4.1). Consequently, other support conditions focus

ac  ac  acC ac .. .
solely on 3k,” 9k’ 0P and N Given that the first six rows are commonly

applicable to all cracked beams, the discussion is restricted to rows 7 to 12, which
relate to the boundary conditions.

The non-zero components y;;, from rows 7 to 12, for a fixed-free support

condition are as follows:

. . acC
(i) Non-zero components in —~
P
Ve = —iae~*r, yq, = aPe~Hv?
_ i —ikyb —ikyb _
Y119 = —le TPT — b(kp - P)e PY, Y1110 =1 (A4.6)

Y129 = —Petkpb 4 ibkae_ikpb, Y12,10 = —P

. . 0cC
(i) Non-zero components in —

ok,
Yee = —ae kel yq o = —aNe Fe®
Vita1 = —e %P + bk — N)e™ b yy, 1, =1 (A4.7)
Viza1 = Ne7®eP — bk Ne7 by, 1, = N

. aC
(ii1) Non-zero components in —

opP
. . —ik . —ik.b .
Y93 = —l, Y94 = 1€ T, Y119 = 1€ Hep?, Y11,10 = 1
V12,9 = —kpe_lkpb, Y1210 = —kp (A4.8)
. . 0C
(iv) Non-zero components in P
_ _ -k _ —keb _
Yo5 =—1, Yo =€ eq, Yiii1 =€ ¢, Y1112 = —1
V1211 = koe kel Y1212 = ke (A4.9)
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The non-zero components y;;, from rows 7 to 12, for a free-free support condition

are as follows:
ac
k

(i) Non-zero components in T
P

Yoz = —i, Vg4 = ie K + a(kp - P)e_ik”a, Yo3 = —P

_ ; —ik [ —ik,b
You = (=P +iakyP)e™ %%, y114 = {—i=b(k, —P)}e (A4.10)
Y1110 = i, Y120 = P(—1+ibky)e *e? y1p,9 = =P

.. . ac
(i) Non-zero components in ET
e

Y85 = —1, ¥g6 = e kea — a(k, — N)e_kea, Yo5 =N
Yoo = Ne %@ —ak,Ne ey, 1, = —e %P + b(k, — N)e kP (A4.11)
Y1112 = 1, Y1211 = N(1 - bk,)e keb, Y1212 = N

. 0C
(ii1) Non-zero components in —

oP
s _ . —ik _ _ —ik
Va3 =i, Vg4 = —i€"PY, yo5 = —kp, Vo4 = —kpe Hd
_ :,—ikyb — _ —ik,b — A4.12
Y110 = i€7YP%, Y1110 = —i, Y120 = —kpe PP, ¥1510 = —kp ( )
. . 0cC
(iv) Non-zero components in P
_ — _ .-k _ _ -k
Yas =1, Y6 = —€ ¢4, Vo5 = ke, Vo6 = koo™ e
— ,—keb _ _ —keb _
Y111 = € €7, Y1112 = — 1, Y1211 = ke€ ", V1212 = ke (A4.13)

The non-zero components y;;, from rows 7-12, for a fixed-fixed support

condition are as follows:

. . ac
(i) Non-zero components in P
P

Y84 = —iae~*p®, Vo4 = aPe™va, V11,9 = —ibe~tkpb (A4.14)
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V129 = —bPe /P

N . ac
(i) Non-zero components in —

ke
V86 = —ae ke, Yo = —aNe¥e?, V11,11 = —be~keb
V12,11 = bNe_keb (A415)
. ac
(iii) Non-zero components in P
_ . — _'k _ . _'k b —
Yo3 = —i, Vo4 = ie7"P%, Y159 = —ie P, y1p10 =i (A4.16)
. . ac
(iv) Non-zero components in N
— — Kk — _ kb —
Yos = —1, Vo6 = €%, Y1511 = —€7%”, Y1512 =1 (A4.17)

The non-zero components y;;, from rows 7 to 12, for a fixed-roller support

condition are as follows:

(i) Non-zero components in o
ak,
Vg4 = —iae~ ", Y94 = aPe e, V119 = —ibe~v?
V129 = —Pe~tp? ibkppe_ikpbs Y12,10 = —P (A4.18)
.. . ac
(i) Non-zero components in ETS
Yoo = —ae ¥e® yg o = —aNe ¥e® y,; 1, = —bekeP
Y1211 = N(1 — bky)e kel Yi212 =N (A4.19)
(iii) Non-zero components in Z—IS
Yo3 = —l, V94 = ie_ikpaa Y129 = —kpe_ikpba Y12,10 = _kp (A4.20)
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. . ac
(iv) Non-zero components in N

Yos5 =1, Yo = e ke, Y1211 = kee~Heb, Y1212 = Ke (A4.21)

The non-zero components y;;, from rows 7-12, for a hinge-free support condition

are as follows:

(i) Non-zero components in o
ak,
Y84 = —iqe " Hpa, Y93 = —P, Y94 = —Pe~thpa 4 iakae_ikPa
Y119 = {_i - b(kp - P)}e_lkpb, Y1110 =1 (A4.22)

V120 =P(-1+ ibkp)e_ik”b, Y1210 = —P

. . 0cC
(i1) Non-zero components in —

ok,
V86 = —ae ke, Yos =N, Vo6 = Ne ke — gk, Ne~kea
Vita1 = —e %P + bk, — N)e b yy; 1, =1 (A4.23)

Y1211 = N(1 — bky)e keb, Yi212 = N

. ac
(iii) Non-zero components in F

_ _ —ik _ = —ikyb _
Yoz = —kp, You = —kpe P, y119 =1e7VP7, yyq 90 = —i
Y129 = —kpe_lkpba Y1210 = —kp (Ad4.24)
. . 0C
(iv) Non-zero components in P
Yo = ke, Vo = kee %e®, yy113 =Rl yyy 0, =1
Y1211 = koekeP, Y1212 = ke (A4.25)
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5) Appendix (A5)

For each support of the beam, ; can be derived from the boundary conditions

associated with the axial of support 4.

(1) Hinge or fixed support condition

The axial displacement boundary condition at the left end of the beam is as follows:
Aehe = —4, (A5.1)
Multiplying Eq. (A5.1) by e~%*@ provides the form of Eq. (3.38).

AZ = —pZ2ika Ale—lka
N —’
tL

(A5.2)

2ika

In Eq. (3.37a), t; is represented as —e“"“, which leads to the conclusion that

B, is equal to —1, as it is derived from S, e?¥4,

(ii) Free support condition

The axial force boundary condition at the left end of the beam is as follows:
Aleika = Az (ASS)
Multiplying Eq. (A5.3) by e~*® provides the form of Eq. (3.38).

— p2ika —ika
A = %Ale (A5.4)

2ika

In Eq. (3.37a), t; is represented as e“**¢, which leads to the conclusion that £

is equal to 1, as it is derived from B e?¥?.

For each support, Sz can be computed from the boundary conditions associated
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with the axial of support B.

(1) Roller or free support condition

The axial force boundary condition at the right end of the beam is as follows:
Multiplying Eq. (A5.5) by e~*? provides the form of Eq. (3.39).

Bze—ikb = e~ 2ikb B, (A56)

tr

—2ikb

In Eq. (3.37b), tg is represented as e , which leads to the conclusion that

Br isequal to 1, as it is derived from Sre 2P,

(ii) Fixed support condition
The axial displacement boundary condition at the right end of the beam is as

follows:
B, = —Bje kb (A5.7)
Multiplying Eq. (A5.7) by e~*? provides the form of Eq. (3.39).

—ikb _ __ ,—2ikb
Bye™™" = e 7" By (A5.8)

tr

—2ikb

In Eq. (3.37b), tp is represented as —e , which leads to the conclusion that

Br isequal to —1, as it is derived from Sre 2P,

For each support, t; can be computed from the boundary conditions associated

with the bending of support A4.
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(i) Hinge support condition
The transverse displacement boundary condition at the right end of the beam is as

follows:

A3 + A4,€_ikpa + A5 + A6€_kea =0 (A59)
0

The moment boundary condition at the right end of the beam is as follows:

—kpPAs — kyPAse ™% + ko NAs + koNAge e = 0 (A5.10)
0

Substituting k,N X Eq. (A5.9) into Eq. (A5.10) results in :
Az = —Age (A5.11)
Multiplying Eq. (A5.11) by e~*p% provides the form of Eq. (3.40).

A4 — _eZlkpa A3e_lkpa
| —

(A5.12)

ty,

2ikpa

In Eq. (3.37¢), t, is represented as —e , which leads to the conclusion that

B, is equal to —1, as it is derived from B, e?»?.

(ii) Fixed support condition
The transverse displacement boundary condition at the right end of the beam is as

follows:

—ik —kea —
A3 +A4€ tkpa + A5 + A6e a=0 (A513)
0

The rotational angle boundary condition at the right end of the beam is as follows:

—iPA; + iPAje™%r® — NAg + NAge %@ =0 (A5.14)
0
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Substituting N x Eq. (A5.13) into Eq. (A5.14) results in:

N+iP
Aa=—y i ;P A,e-ikpa (A5.15)

Multiplying Eq. (A5.15) by e~%*p® provides the form of Eq. (3.40).

P+ iN .. .
— 2ik,a —ikya
T e (A5 16)

ty,

+iN 2ikya

In Eq. (3.37¢), t, is represented as i_me , which leads to the conclusion

5 P+iIN .. . . _
that B, is equal to ——, as itis derived from B, e%kve,

(iii) Free support condition
The shear force boundary condition at the right end of the beam is as follows:

—i(ky, — P)As + i(k, — P)A,e”*p® + (N — k,)As
+ (k, — N)Age K = 0 (A5.17)
0

The moment boundary condition at the right end of the beam is as follows:

—kpPAz — k,PAse " + k,NAs + k,NAge @ = 0 (A5.18)
0

Substituting kN X Eq. (A5.17) into (N —k,) X Eq. (A5.18) results in:

_ PN — k) +iyeN(k, — P)
P(N — k) — iyeN(k, — P) "

3 =

e~ tkpa (A5.19)

kp—P  k
where £2— = =¢ =
eeN—ke kp Ve

Multiplying Eq. (A5.19) by e~*»% provides the form of Eq. (3.40).

P—iy?N . ,
A, = — eZlkpaA e—tkpa
YT P4iyeN 3 (AS5.20)
tL

151



P—iy2N

Le_ o2tkp@ | which leads to the
P+iy2N

In Eq. (3.37c), t; is represented as —

P—iyZN
P+iy2N’

conclusion that f; is equal to — as it is derived from fB,e?¥*r?,

For each support, £z can be computed from the boundary conditions associated

with the bending of support B.

(1) Roller support condition
The transverse displacement boundary condition at the right end of the beam is as
follows:

—iky,b —keb —
B3e p +B4,+B56 +B6 =0 (A521)
0

The moment boundary condition at the right end of the beam is as follows:

—kpPBse P — kc,PB, + k NBse *<? + k,NBg = 0 (A5.22)
0

Substituting kN X Eq. (A5.21) into Eq. (A5.22) results in :
Bse~pb = —B, (A5.23)
Multiplying Eq. (A5.23) by e~*#P provides the form of Eq. (3.41).

—ik,b _ _ _—2iky,b
Bye™ 7?7 = —e” """ By (A5.24)

tr

~2ik,

In Eq. (3.37d), tg isrepresented as —e b which leads to the conclusion that

Br isequal to —1, as it is derived from fre~2%»?

(i1) Fixed support condition
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The transverse displacement boundary condition at the right end of the beam is as
follows:

B3e_ikpb + B4 + Bse_keb + BG = 0 (A525)
0

The rotational angle boundary condition at the right end of the beam is as follows:

—iPBse~*p? + iPB, — NBse *e? + NBg = 0 (A5.26)
0

Substituting N x Eq. (A5.25) into Eq. (A5.26) results in :

. N —iP
B.e~ikpb — _ A5.27
3¢ N+ip (A5.27)
Multiplying Eq. (A5.27) by e~*»P provides the form of Eq. (3.41).
. P —iN
—ikpb _ —2ikyb
B v =prine T B (A5.28)
tr
In Eq. (3.37d), tg is represented as % e~ 2%pb which leads to the conclusion

~2ik,

that B is equal to %, as it is derived from fSre b A comparison with Eq.

(A5.16) under the fixed support condition shows that Sz represents the reciprocal

of B,.

(iii) Free support condition
The shear force boundary condition at the right end of the beam is as follows:

—i(k, — P)Bze~*»? 4+ i(k, — P)B, — (k, — N)Bse keb
(kp = P)Bse™ + iy = P)B, = (ke = W)Bs 20

+ (k, —N)Bg =0

The moment boundary condition at the right end of the beam is as follows:
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—k,PBse~"*»? — ,PB, — k,NBse™*¢® + k,NBs = 0 (A5.30)
0

Substituting kN X Eq. (A5.29) into (k, — N) x Eq. (A5.30) results in:

kyP(k, — N) + ik,N(k, — P)

Bye~ P = B A5.31
; kyP(k, — N) — ik,N(k, —P) ' (A5.31)
kp=P _ _ke _ _
where N = i, = Ve
Multiplying Eq. (A5.31) by e~*»P provides the form of Eq. (3.41).
. P+iy?N .
—iky,b _ _ e —2ik,b
Be W =—pyane 7 B (A5.32)
tr

P+iyN _p;
Ye e 2iky

— b which leads to the
P—iygN

In Eq. (3.37d), tg is represented as —

P+iyEN
P—iyZN’

conclusion that Sy is equal to — as it is derived from Bre 2%rP. A

comparison with Eq. (A5.20) under the free support condition shows that fg

represents the reciprocal of f;.
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6) Appendix (A6)

By differentiating Eq. (4.19) with respect to F,,.

~

o [0t 0,
—2Q 47\ 55— 9 ) Ye
SS SS

+77[(1 = 73)(E — tr) (A6.1)
+ i?e(?ez + ?qz)(l - fL)(l - fR)]I;p =0
The derivative aa% in Eq. (A6.1) can be derived using the chain rule.
ot, ot ok, (9B, .ok
=— = [ =+ 2iap, | e?*»e L AB.2
OF, 0k, 9Fs  \ok, T 2Pt )¢ T o, (A6.2)

The derivative 2 in Eq. (A6.1) can be expressed using the same method as in

OFgs
Eq. (A6.2).
ot, ot ok, [(9pg ok
= — = ——~ _—2ib e—ZLkpa D
0Fs 0k, 0Fs \0k, Pr 0F;s (AB.3)
Calculate aalfl - :;T in Eq. (A6.1) by subtracting Eq. (A6.3) from Eq. (A6.2).
of, ot ] d , 0k
L _ 0t :{ i _ 9P >+2iL}tL—p (A6.4)
0Fs 0Fs  (\BL0k, Brok, oF

Substituting Eq. (A6.4) into Eq. (A6.1) and rearranging for aa% yields the

following expression:
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OIEP
9F
_ ]7qz[(1 - ]7qz)(fL —tp) + i?e()?ez + )7(12)(1 —t, —tp+ fRfL)]& (A6.5)

B o Y B s L
2 —eL P )\ 2iLtt
st 12 {1+ (G - 20

9B 9By

Defining ¢ as Bk, B0k

in Eq. (A4.5) yields Eq. (4.23).
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Abstract

Modal Behavior of a Two-Dimensional Beam with a Transverse Crack:
An Analytical Approach Considering Mode I and Il Loadings with

Experimental Verification Using Surface-Bonded Piezoelectric Wafers

by
LIM TAE JEONG

Dept. of Civil Engineering
Graduate School, Dong-A University
Busan, Korea

This study proposes a new analytical model capable of predicting the modal
frequencies of two-dimensional beams with a transverse crack, regardless of the
aspect ratio of the beam and crack location. The conventional method used by most
researchers predicts the modal frequencies by considering only the discontinuity of
the rotational angles on either side of the crack. The conventional method produces
errors in the prediction of modal frequencies, especially for beams with low aspect
ratios and higher-numbered bending modes. Since accurate modal frequency
prediction is essential for structural health monitoring, these errors limit the use of
the equations of the conventional method. Therefore, there is a need for an analysis
model that can accurately analyze beams with all open-edge transverse cracks and
overcome the limitations of the conventional method.

Since the importance of shear deformation and rotational inertia becomes more
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pronounced in situations with increasing mode numbers or low aspect ratios, a
spectral solution based on the Timoshenko beam theory is presented. For a two-
dimensional crack, the reduction in frequency occurs simultaneously with the axial-
bending modal coupling caused by the mode | crack and the effects of the shear mode
introduced by the mode Il crack. Based on this, a frequency equation is proposed
that considers the axial-bending-shear modal coupling. This equation uses
compatibility equations for discontinuities in the rotational angle, axial displacement,
and transverse displacement in a crack. The proposed method is validated by
comparing it with the results of finite element analysis and experiments, varying the
crack position and support conditions. In addition, the calculated modal frequencies
were applied to the spectral solutions on both sides of the crack to predict the mode
shapes, and the crack opening phenomena and shear mode were visually observed.

In this study, we perform experimental verification by transmitting and receiving
signals using surface-bonded piezoelectric wafers. This approach has two main
advantages. First, the use of surface-bonded piezoelectric wafers allows the
simultaneous acquisition of the axial and bending modes, thereby increasing the
efficiency of the experiment. Second, this method allows the measurement of a wide
range of frequencies within the cut-off frequency, thereby expanding the scope of
experimental verification.

The compatibility equations used in the proposed method involve five local
flexibilities. By activating these local flexibilities, it is possible to derive a closed-
form frequency equation for predicting modal frequencies under specific conditions.
First, a closed-form frequency equation is proposed for cases where the crack is
located at the bending antinode, by activating only the local flexibilities
corresponding to the mode | crack. Second, a closed-form frequency equation is
presented for cases where the crack is located at the bending node, which is achieved
by activating only the local flexibility corresponding to the mode Il crack. In
particular, an approximate solution was used to show that the assumption of no
frequency reduction when the crack is located at the bending node does not hold.

The closed-form frequency equations were validated by applying them to numerical
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examples in which the crack is located at the center of the beam and comparing the
results with those of finite element analysis and experiment. Through this approach,
the role of local flexibilities in relation to crack location is clarified, and it is
anticipated to make a significant contribution to the damage diagnosis of structures.

Key word: Axial-bending-shear modal coupling, Timoshenko beam theory, Cracked
beam, Open crack mode (mode | crack), Sliding crack mode (mode Il crack), Modal
frequency, Frequency equation, Surface-bonded piezoelectric wafers, Mode shapes,

Local flexibility, Damage diagnosis, Structural health monitoring.
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