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Predicting the Natural Frequencies of a Cracked Beam

Considering Axial-bending Coupling from Wave Propagation

Perspective.
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= (40, B+ 4,0 B S N2 —=1,) = 1,0 [y}

=(2- l )tbt_azﬂl - tatbt_azﬂlaAA fAA +(2- 1, )tbzazﬂFF fFF
- tntht_nza/i/i ﬂFF fAA fFF
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- - - ket
LI, =4t 4,66 =41 6 (6 + e [on )& = ‘92‘92 )

= tbiat_b(al T aFFfFF ){2 - fa - taaAAfAA}

= tbfafb {C(1 (2 —d ) + (2 —iE )aFFfFF - taalaAAfAA (3.34-d)

B taaAAaFFfAAfFF}
=(2- ! )tbt_afbal +(2- l )tbiat_baFFfFF - tatbfat_balaAAfAA
- tatbfafbaAAaFFfAAfFF

I = thelt_azd3 = tbt_azeld3 = tbt_az (g fra N C5ds)
(3.34-e)

-2 n _ -2 ~ —
=11, dz (am fFA )(am .fFA ) =141, dzam Ay fFZA
I, = t,t,1,e,C; = b1, 1, (0 [ X—C3Cy)
(3.34-1)

o _ P —
=~ 1,Cs (g J iy Xy frg) = — 18 1,C3 0, Oy [y

2 (3.34) A E vy o g 2 (332)5 Aolshd vuS3 ol & 5 Uk
=II, + 11, + I, + I1, - II, - I1, =0
= (ttpq g0 +(2-t, )tbt_azﬁ1 + Q2 -ttt )
LPO
+{=t b1, B+ t,a)a ) f
\PAA
+{t 1,0, Py +t g0 + (21, )tbt_azﬂﬁF + 2=ttt 0} (3.35)
Yer

+ tb_a (_fadS + ZTbé3)aFA CTFA ffil
LFFAZ
=t b, (E B + 6,005 )y o [
\PAAFF

:\Po +LPAAfAA +lPFFfFF +\PE42fFil +\PAAFF fAAfFF =0
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Yool &g 1, 1, 1, 4,2 AFEE

FH

RS vhest 2ok,

Yo =LA =1L, {_217;(2 — 1)} {2, (t, = 2)}

B (3.36-a)
=2it (t, - 2)t’(t, -2k

=t tqa =t (t, —2) {2ik(2 -1
Vp =LL,9,¢ ab{a(b_ ) {20k ( W) (3.36-b)
= 2it (1, - 2)i (1, - 2)i,k

=2t )12 p =2 -t ), {-2ik(2 -1,
Ve =Q2-t )4t b (_ Dhlat (2-1,)} (3.36-¢)
=-2i(t, = 2)t,1(t, - 2)k

=Q2-t )t ita, =2—t )5 {2ik(2—1

( a)babal ( a)bab{ l ( a)} (336‘(1)

=2i(t, -2)t,1.(, -2tk

A (336)= AEstd va3 2ol 28 & + vk

¥, =114 +th,q0 + (21, )tbt_azﬁl +(2 -t )t e
— Y
Vo1 Vo2 Vo3 Vo4 (33’7)
= 8l(ta - Z‘b)lTa (Ea - ZTb )];

2l (3379 AAS A3 g2 F5 A28 o
Youste 1, t, 1, 6,2 AH8ad B3 o] %8 7bsair}
Y, = {_tatbt_a (t_a B+ Ebal)aAA}
= [t {7, (<2iK (2=1,) +7,Q2ik 2 7, )} (iLk)]
(3.38)

= 2ik (iLk)t t,t [(—1,1, + 21, ) + (1,1, —21,)]

= —2Lkkt t,f (2, —2t,) = —4Lkkt t, (, —1,)



Yy = tat_a%ﬂmr + Zat_b%app +(2-1, )tbt_uzﬂFF +(2-1¢, )tbt_at_baFF

B (3.39)
=2it (¢, —t, ), — 1, +it f, 1Lk’
21 (3.39)¢] AAIgE AA st g BE A-3S Fas)
Ve dks 1, 4, 1, 4,5 &3 gt 2ol %8 sHesit
Woe = rb;a(_f_aa}\g +fbé3)aF4aFA
~ _ ~ B 272
=t,1,[— HE( ~f ) Hd JE (2—f M, k)( )
i . (3.40)
Tflz L1 [ (1, —2f)+Li —i(tt —21,))kic?
7/
= —2fafbfa[fafb — it +il,)|kk*
Yorrts 1, t, 1, 6,5 A8 b33 o] Ay 3 4 gtk
Wz =ttt (8, By + 0 )y,
=L, [1, (-5 Q=T LE 1, + (2= 1) LR (LK)
= L1, 1, = 20} + 047, 5 G, = 2k (3.41)
=it 1.7, [é(ft' _2F)+1ik, —%(ft' — 2, Y]k

L*t 1,111, —it, +it, )| kk*

2 ¢
=2
)
E
S
e
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Y
N
fE
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2
BN
n
9
=
_O|_l
s
°
Ay
4&
rlo

\IIO+\I]AAfAA+\PFFfFF+\PFA2ff§4+\PAAPF fAAfPF =0 (3.42)
ARzel W duss ges 49 @ 4 gl
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¥ 32 Adzdo wE w/pus

ttl Z‘b a tb
Hinge-Roller 1 + %@ | — g 2ikb 1 — o2k 1— o 2k
Fix-Free 1 + 2*a | — g2k 1+ ieziia 1— ieiiib
Free-Free 1 = g%ka | — g2 1+ l.ezz%a 1—i e—ZiZb
Fix-Fix 1 + g*ka 14 o2k 1 _H.ezi%a 1—i e—zi%b
Fix-Hinge 1 + g2k 14 o2k 1 +iezi%a l_e—zi%b
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o, :_M (3.43)
V(@)
218N AF AL FAE fus, for, fras T gl obd W] S
A5 Faolth RAEE AWHA 84 ABebold s AF Bashn
He g g

8
a,, =&Y CLe (3.44)
n=0
olwl £ wAWE ovsta = A (B44)E Atalr] flg Aol
Cil 3k tha 2 2ol Aeld + urh

# 33 po Aol W& Al C#(Rice and Levy 1972)

n c c G35
0 1.98 1.98 1.98
1 -0.54 -1.91 -3.28
2 18.65 16.01 14.43
3 -33.70 -34.84 -31.26
4 99.26 83.93 63.56
5 -221.90 -153.65 -103.36
6 436.84 256.72 147.52
7 -460.48 -244.67 -127.69
8 289.98 133.55 61.50

FAES AN A et 2o] 4
2(0-vHh
fu :%(M

fFA = _12(1 - Vz)am

S ==
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Ve SFobd W] L2 Kol Aol he B FAE ov gt} (Rice and Levy

1972)

2 (343)9) = A3 g9 SAwgAor thgu o] vpeich

=

W) =F+¥y fuu + ¥ [ +5UFA2fFi1 +¥ i fuSw (3.46)

2 (343)9] Y& 2 (346)F M FEE e 2ol A & 5 Ak

, dy
w)=——
y(@) do

(3.47)

LD +fFF +fFA by S

:\P(;-l_\P:tAfAA +\P};FfFF +\P;‘Azf1§1 +lP/’1AFF fAAfFF

2 (347E AXYst7] SlE Had & Ayl 2 v 2ok
t, = b =2iaezjkaﬁ=2i\/zae2ik" (3.48)
dw dw E

t;:Z;— 2ibe ik I \/7 T (3.49)

df 2 21ka “n 2 21ka( \/ 74 pA2 anil;a (350)
Elw
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lTb’ = & = 2ib€72”€b ﬁ = 2ib82ikb(l4§/ pA2 — léi/ pA2 be—Z[l;b
do do 2V Elw Elow

podk _|p
dw E
k'e th&at o] Aedrt
, 1 Ll A
F=2m= (i =425
do 2 EI 2\ Elow
Yo thgat ol HEl @ & v
w = TP - i )i G~
do do

= 81[(tz’1 _t[; )Ea (Za - Eb )]€+ (ta - tb)fa' (Ea - Zb )l;—l— (ta - tb )Za (t_a' _Zb')l;

+ (ta - tb )t_a (Ea - Zb )];,]

Y2 o= 2.

g = Wy _ i[—4Lkl€ta ti (@ —1,)]
dw do

= —A{k'kt t,t (t, —1,)+kk't t,t (f, —1,)+kkt' t,t (£, —1,)

+hkt 0f (f, —t,)+kkt t,t(, —1,)+kkt t,t (' —1])]

’
Wir

gev) ol AelH

o
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Vg =—"= j—w[%fa(ta —t)t, —t, +it 1, |Lk*]
= IL[I(t, ~ 1,7, i, +il, 5,2 41, — D, —1, vit, k> 0

1 (1, —t)t 1) +it't, +it 1)k +21,(t, —t, ), —t, +it 1, k']

0] r/}

Vip 2 T3 o] &
d _ih*
dw

d\PFA 2

o [——t,t,t (i1, —it, +it, )kk*]

12

! —_—
\PFAZ -

ihz ’ " 7 £ Iy o7 1 (_ 7 7 -7 -7 '’
= E[tatbta (t,t, —it, +it,)kk* +1t t)t (£,t, —it, +it, )kk’ (357)

+t (11, —it, +it, kk* +1 t,t (1, +1 1] —it' +it) )kk’
w1 1,1 (L5, —it, +it, k'k? + 2t t,f (1, —if, +if, kkk']
Virr & U3t 2ol 39 & 5 vk
AV d oo - =
W' =2 = — [—il’t t,t 11, —it, +it,)]kk]
do do
= —il*[t! 1,1 [L,1, —if, +it, |kk +1,t/f [T, —it, +if, )| kk
(3.58)
+t bt [t t, —it, +it, |kk +t 1,1 [£)T, +1,t it +it) )| kk

+t 1, [t —it, +it,|k'k +1,t,t,[1,t, —it, +it, )] kk']
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t, =t
= 1 + eZtka — 1 e—2tkh
= y1=0
(3.60)
= cos@RkL)+1+isinRkL)=0
0 0
2L
Lehehs 212 B vewt 2ol & % g
t_a = _b
= 1 eZlka — 1 —2ikb
= e —1=0
B B (3.61)
=cos@kL)—1+isinRkL)=C
0 0
=k= z
L
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Mode 11 (20.444 KHz) Mode 12 (24.138 KHz)
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4.4.1 Fix-Free A A Z4A
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4.4.2 Fix-Fix A AZ7A
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FE A2 gderdA Y FHs A - 4 (3.37)

¥, =t,t,Bq +t g0 +(2 -1, )tbt_azﬂl +(2 -t )t e
H—J %K_J
Yo1 Vo2 Yo3 Vo4

= {ZZta (tb - 2)Ea2(fb - 2) - 2ita (tb - 2)Ea (Za - z)fb

—2i(t, = 2)t,t2(t, = 2) + 2i(t, — 2,1, (t, — )i, }k
= 21[ta (tb - 2)Za2 (t_h - 2) - ta (tb - 2)t_a (t_a - 2)t_b
—(t, =2, (1, —2)+ (t, = 2)t,1, (1, - 2)t, Tk
= 21[( ZLatb - 2ta )(Easz - 2fa2) - (tatb - 2ta )(Easz - 2Zufb)
- (tath - 2tb)(t_a2t_b - 25;) + (tatb - 2tb)(lra2t_b - 217(1;;; )]];
=2i[(t 1,71, — 2t t,t° )2t i t, + 4t L’
- (tathleTb - 2tatbl7at_b) + (2tufasz - 4tazafb)
- (tatbt_azt_b - 2tatbt_a2) + (2tbt_a2t_b - 4tbt_az)
(L it =2t 1t 1) — (28,101, — 4,1 1)k
=2i[t b1t =2t t,t. =2t L1, + 4L 1’
- __ - _
—t 1t +2t 18, +2t 101, — 4t LT,
727 72 727 72
—t bt +2t 1t + 21,101, — ALt
727 T 7 27 T 77
+1 b0t =2t 1t 1, — 28,101, + 4Lt 1k
=2i(4t,1’ —4t 11, —4dt1’ + 4,1 1)k
= 8i{tat_a (fa - t_b) - tbt_a (Za - t_b )}I;

= Sl(ta - tb )Ea (Za - ZTb )l;

49
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Up (0) —u (O) = (fAA L)”L (0) +EfFA wp (O)

. hk?
:>Bl +Bz _Al _Az :_lfAALk(Al _AZ)_TfM (A3 +A4 _A())

272
= (1= L) Ay + (L L) Ay = £ (4 + A, = )= B~ B, =0
13 ¢y R

c3

=, A,+c,A,—cy(A,+A,—As)— B, —B, =0

= ¢, A, +¢,(—A, &) = c,[ A, +(id, ™)

l . ika l . ~2ikl —2i
_{_5(l+62k )4, +E(1_e 2kb)B3}]_Bl —(Be Zkb)=0

= (¢, — ™" ) A, +[—c, {1 + ie*™ + l(i + e WA +H(—1-e ) B,
— 2 —

&) ~ d,

<3

Jrlc3(i—e’2”;”)B3 =0 (12)
2

dy

=, A, +d B, +¢,A,+d,B,=0
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2 G2 A ), O s et gk
lfFAk(Al _A2)+(i];+fFFLl;2)A3 _(il;_fFFngz)Aét _(l;+fFFLI;2)A6

—ikB, +ikB, —kB, =0
——

A6
= if k(A4 + AleZika)
+(ik + [ Lk2) Ay —ie¥™  (ik — [ Lk*) A, + 2k + fp Lk 2)%(1' +e2 ) 4,
— 2k + fp Lk 2)%(1' — e ¥™)B. —ikB, +ik (=iB,e ™) =0
= if pk(1+ eZika)Al
n {(1; 2N s 2ika o 772 7 72 1 . 2ika
ik + fo Lk ™) —ie™™ (ik — f. Lk ")+ (2k + f . Lk )E(l+e )} A,
+ {2k + f,. Lk 2)%(1' —e Y ik +ke 1B, =0
= if p k(1+ ) 4,
i+ LR =i ik 1 ie¥™ f L] ik + ke +%ifW s
+% fp Lk 2™ 4,
+{~ik + ke 2™ —%ifW Lk? +%pr Lk*e™ ik + ke *™1B, =0

' = AL 2ik - 1 N
= if o k(1+ ™ ) A + {2ik +2ke™ + fo Lk (1+ =i +ie*™ +—e*™ )} 4,

€

€

+{=2ik +2ke ™ + % fr Lk (™ —i)}B, =0

s

—e A +e. A, + f.B,=0
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2 Gael A (1), @)= e v53 gk
Al _ (_AleZika) _Bl + (Ble—Zikb) =0

< . 14
= (147" )4, —(1-e "B =0 (14)

2 3.3)el 4 (8)-(100S st ohew 2ok

Ay + (iAe™™) = B, — (~ie *™B,) = 0 )
= (1+ie**) 4, —(1—ie *™)B, =0

21 (12)9F 2 (155 st 45 AA T 5 Atk

(1+ie* ) x (¢, A +d,B, + ¢4, +d,B,)
—ayx{(1+ie*™ )4, —(1—ie *™)B,} =0

= (1+ie*™ )¢ 4, +(1+ie*")d, B,

P

(16)
q1
+{(1+ie*™)d, + (1—ie ™)¢,}B, =0

a3

:>p]A] +qIBl +QXBX =0

A~

2 (132 2 (155 Adst] 45 AA T 5 Aok

(1+ie*™ ) x (e, 4, + 2,45 + [,B;)

—e, x{(1+ie™) 4, —(1-ie *™)B,} =0

i

i c - (17)
= (1+ie*"“)e A + {(1+ie*™) f, +(1—ie " )e,} B, =0
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57



21 (16 A (17E dH™ste] ByE AlA & 5 sk
s;(p A4, +q,B, +q;B;)—q;(n 4, +5;8;,) =0
= 5;(p, 4, + 9,8, +q;B,) —q;(n4, +5,8,) =0
= (830, —q51) A, +53q,B, =0 (18)
D a— ——

A S5y

=7 A +5B, =0

2 (1497 2 (18)E Adste BS AA & F stk

50+ Y4, ~(1-e™)B Y +(1—e Y74, +5,B,) =0

= {51+ +r(1-e")}4,=0 (19)
=51+ +r(l-e ) =0

(= SR

2 (19) 0.2,

5{(0+e"" )4, -(1-e™)B}+(1—e )74, +5B,)=0
= {51+ +r(1-e")1 4, =0

=51+ +7(1-e")=0

=1+ e%ka)squ +(1 _e_Zikb)(S3p1 -q;1)=0

t, ty
=1, {(1+ie®™) f, + (1—ie?™)e, g, +1,{(1 +ie*™) f, + (1-ie )&, } p,
Ea Eb t’g 7

—1,95, =0

Iy

= t,(t,f +1,€)q, +1,(t,fy +1,8)p, — 1,451 =0
= tafafs% +tat_bé3ql +tbt_af3p1 + tbzbg3pl —1,9:h =0

= tafa-f3q1 + tafbé3ql + tbfaf;(t_agl) + tbzbg3(l_a51) - tb (Zad3 + EbE3)(Eael) = O
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A g4
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6= 12 et = Sy
%’_/
AFy

— 2ik 2ik
¢, =¢C —Ce l azl_aAA.fAA _(l‘l'a/mf/m )e e

53 :_03{1"'1.@21%(1 +%(i+ezika)} :_03{Za +%(_1+i€2ﬂm)}
1

I X
=yl — (7,2} = ¢,
R
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d=-1-e""=¢t-2

- 1 — 1 . 1 _
d =—c i_e—2lkb =———c _l_ie—Ztkb =——¢ l_l-e—ZIkb _2
375 3( ) 2 5( ) Y 5( )

| R
= 032—i(tb -2)=cyd,
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e = lfFA k(l + e2ika) = %fFA =y, fFA
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%’—/ 2

o

= ~2i(7, ~2) + 4, (1~ ) + D} LR [ = &+ Oy fir
%K—J 2

fy = —2ik +2ke™ + % S Lk (€77 i)
=2k(—i+e ™)+ é(—1 —ie ) £ Lk?
= 2ki(—1—ie ) 4 %(—1 —ie ) [ Lk

= 2ki(t, —2)+— (1, —2)Lk> [,
— 2
2ika )—

p,=+ie")e =1,

¢, = (1+ie*)d, +(1—ie ™)z, =7 d, +1,¢,

n=+ie* e =1 e,

s, = (1+ie™™) f, +(1—ie™)e, =1, f, +1,2,

t, ty

n=(8p — q51) 85 =834,
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(d) BEOIA = ¥ A9

o i 4
+B,e" +Be" =0 @)

(e) ARolA A7t

w;(a)=0
= (ik) ™ + (=ik) A,e ™ + kA =0 (5)

= id,e™ —id, e + Ae* =0

(H) B A A2

wh(b) =0
= (=ik)B,e™ + (ik)B,e™ + kB =0 (6)

= —iB.e™ +iB,e" + B.e" =0

deE As vEHS e 9k vt gk

272 272 272
1_ifAALk 1+iﬁ44l‘k _%fry _%. FA 0 %fﬂ 1 -1 0 0 0 0 A'
Fouk  —ifyk ikt S LR (k- fy LR 0 —(k+f.LK) 0 0 -k @k -k o|%
0 0 1 1 0 1 0 0 -1 -1 -1 ol
1 -1 0 0 0 0 11 0 0o 0 of™M
0 0 i i 0 -1 o 0 i i -1 ol
0 0 -1 -1 0 1 0 0 1 1o—1 o0 %l
2ita 1 0 0 0 0 o 0o o o o olh
0 0 0 0 0 0 e o o0 o oll®
0 0 e ek e~ 0 0 0 0 o o o5
0 0 0 0 0 0 0 0 e® o o BB
0 0 ie'™ —ie™k &~ 0 0 0 0 o o oll5
0 0 0 0 0 0 0 0 —ie® e o o |Bs
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2] (3.3)9F A B.6)= tletd tat Lk
A+A,+A4,—-B,-B,—-B;—A4,— A, + A +B,+B,—-B,=0(
=24,-2B,=0 ®)
= B, = 4,

21 (Nl A A (5) W o3 g
A3ei’;“ + A4e’”;" + Ase’;“ —(i A3el%“ —id, R ASe%") —¢
= (1 - i)A}e’%a 4 (1 + l')A4e—i%a —0
(1+i) A4e—2z%a (9)
(1-1)

= A,{ = _iAAe—Zi%a (144 — iAquiEa)

=>4, =-

21 @A A () W e 72
BSe—i/;b +B4ei/;b + B6e/;b _(_I-B3e—i/;b + Z-B4ei/;b +Bée/;b) _ 0
= (1 + i)B}e’i];b + (1 _ l')B4ei];b — O
= —(l_l) B4€2i/;b (10)
(I+9)

j— B3 = iB4eZi/€b(B4 — _Z.B}e_Zi/;b)

3

21 (3.5 2 (8)-(10)] A¥E diYgstd vha 2ok
= —id, +id, — A, +iB, —iB,—B; =0
= —id, +id, - 24, +iB,—iB, =0
= —id, +i(id ™) = 2 4, +iB, — i(~iB,e ) =0
= —id, — A,e”™ — 24 +iB, - Bye ™" =0 (1)

=24, =—~(i+e™) 4, +(i-e)B,

1 - 1 _
= A6 :_5(i+e2lka)A3 +E(i_e—21kb)B3
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A @Dl A 1), ), 9), (1= Hidstd vaa 2ok
h2
U (0) =1, (0) = (f 4 L)u (0) + 77 w;(0)

. hk?
= B, +B, _Al _Az :_lfAALk(Al _Az)_TfFA (A3 +A4 _Ae)

. . hk*
:>(1_lfAALk)A1+(1+lfAALk)A2_ fFA(A3+A4_A6)
(4 c) —

€3

-B, -B,=0
=, A,+c,A,—c;(A,+A,—As) - B, — B, =0

= ¢, 4,+c, (—Alezik”) —c5[4, +(iA3ezik”) (12)
l . 2ika l . ~2ikb
_{_E(H'e )A3+E(l_e )B;}1

_ BI _ (_B]e—ZIkb) — O

. - 1 -
=(c, — czez”“’)A1 +[—cy {1+ e’ 4 —(i+ e*iha )4,
%/_J 2

(4] Y

c3

+(=1+e™\B, + lc3(z' —e B, =0
— 2

d, _

dy

— ¢, A +d B +¢, A, +d.B, =0
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2 320 A (1), 9-(11)e dgshd ez 2
if o k(A — A)) + (ik + frp Lk*) A, — (ik — [ Lk?) A,
—(k + f Lk*) A, —ikB, +ikB, =k B, =0
—_—
A
= ;fFA k{Al _(_AleZika)} + (ll;"‘fFF Ll;z)A:; _(ll;_f]JF Ll;z)(l'A’jeZi%a)
—(21€+fF,,LP){—%(HeZ’*“)A} +%(i—e_2”‘b)B3}
—ikB, +ik (—iB3e’2”€”) =0
= if k(1+ e YA, +(ik + [ Lk ) A, —ie*™ (ik — [ Lk *) 4,
+(2E+fFFL1€2)%(i+e2"ka)A3

_(2]€+ fFF LEZ)%(Z _ e—2i/;b )B3 —l];B3 + il;(—iB3e_2iEb) =0

. _ _ - - _ 13
= i k(1 + ")V A, +ikA, + fr Lk A, — ie*™ ik A, + ie*™ fr. Lk’ A (13)

+ %(2}5 +2ke*™ 4 if Lk + ¥ f. LK) A

1

- E(21?1‘ —2ke™™ 4 if L LK® — f, Lk*e™>*)B,

—ikB, +kB,e ™ =0

= if, k(1+ &) 4
%/—J

€

+{2ki + 2ke™™ + (1+ %i + ek 4 %ez“‘“ ) for LK} A,

€3

+{—2ki + 2ke ¥ 4 % fo LK (™ — i) B, =0

f+
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21 340 2 (1), 0 HYgsha oL 2ok

Al _ (_AleZika) _ Bl + (_Ble—Zikb) — 0 (14)
— 1+ )4, —(1+e™)B, =0

21 (3.3)° 2] (8)-(10)S Yt thS3 2o
A, +(id,e*™ ) = B, — (=iB,e ™) =

. 2ika 721kb (15)
= 1+ie"™)4, —(1- )B, =0

2 (19 A (158 d-Ete] 48 AA 2 5
(1+ie** T 4, +d,B, + T, 4, +d,B,)
—{(1+ie*™ ) 4, — (1—ie*™)B,} =0

= (1+ie** )¢ 4, +(1+ie**)d, B,

P a4
+{(1+ie* ), +&,(1—ie ™)} B, =0

a3

(16)

= p 4 +q,B +q,8,=0

2 (13)3 4 (155 dfste] 45 AA & F vk

(1+ie™ ) x (e, A, +&,4; + [,By)

—e, x{(1+ie*™ )4, — (1—ie *™)B,} =0

(17)
=1+ je2ha e, A, +{(1+ je>a )f3 +(1- 2lkb)€3}B =0

i §3

=>nd +s,8,=0
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21 (16 A (17E dH™ste] ByE AlA & 5 sk
s;(p A4, +q,B, +q;B;)—q;(n 4, +5;8;,) =0
= 5;(p, 4, + 9,8, +q;B,) —q;(n4, +5,8,) =0
= (530, —q51) A, +53q,B, =0 (18)
- ——

A S5y

=7 A +5B, =0

2 (147 2 (18)E A-se B& AA & ¢ Atk
5{0+e™ N4 -1 +e)B}+(1+e) 74, +5,B,)=C
=51+ 4 +7(1+e") 4, =0 (19)
=51+ +7(1+e)=0

(=

Jm

33

2 (19)0. 2 5-H,

5{0+e*)V4, —(A+e B} +(1+e™YF A +5B,)=C
=501+ )4, +7(1+e ™) 4, =0
=51+ +7(1+e™)=0

= 5,q,(1+ ")+ (5,0, — g1, )1+ 7*) =0
%,—J

t t,

= 1, {(1+ie®™ ) f, +(1—ie )2, }q, +1, {(1+ie*™) f, + (1—ie )&, ) p,

ty Iy 1, 7

—1,q;1, =0
=1, (t_af3 +t_b53)‘]1 +tb(t_af3 ‘HTbEz)Pl —1,q;1 =0
= tafaf3ql +tat_bg3ql +tbt_af3p1 +tbzbg3pl —t,q51, =0

=1, 15q, +t,t,e,q, + 1,1, 1,(,¢)+t,t,e,(t,c)—t,(t,d,+t,c,Xt,e)=0
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= tafaqul + tat_bg3ql + tbza2j351 +tbt_at_b5351 _tbt_azg361 _thaEbE3el =0
H] Hz H3 H4 HS HB

= I, +IL, +I1;+I1, -II;-11, =0

Aol g AAANFES @t

G :(l_ifAALk):l_E;,fAA =l-a,/f,

O gy

) :(1+lfAALk):1+gjl_€,fAA =l+ay,fu
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hk? _
€= 2 et =y f iy
%r_/
AFy

— 2ik 2ik
¢, =¢ —¢Ce l azl_aAA.fAA _(1+a44.f44 )e H

c; :_03{1_'_1-82% +%(l~+e2ika)} :_03{t_a _;’_%(_l_l_ieﬁka)}
l

_ )
=—c;{t, - E(ta =2)} =—c;64

%/—/
di=—l+e? "=t -2
673 :lc3(i —e’m’) = i03(—1 —ie’zi';b) :ic3(1 —je 2 -2)
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1 - ~
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dy

€ :l]rFAk(l+eZika) =ll€£fFA =y g

Apy

68



e, = 2ik +2ke*™ + {1 +ie** + %(i +eX N £ Lk?
= 2ki(~1+ie®™) + {(1+ie*™) —%(—1 i N fro LK

= 2ki(l, = 2)+ 4, —— (I, =2V LK [ = 0+ Oy [y
%’—/ 2

o

App

=~ 2Ki(E, ~2)+ 1, (= )+ LE i =t + iy S

a

arp

R 1 _ _
Sy ==2ik +2ke™*"* + S Lk (e7 =)
= 2];(_1+e*2!1;b)+é(_l_l672l];b)fﬁ Ll;z
= 2ki(~1—ie ™) +é(_1 _ie ¥y £ Ik

= 2ki(F, = 2) + —(F, - 2)Lk> £,y
—_— 2
2ika ),

p,=(+ie™)e =1,

g5 = (1+ie™™ ) d, +(1—ie )¢, = 1. dy +1,¢,

r=+ie* e =1 e,
5, = (1+ie™) f, +(1—ie ™)e, =1 f, + 1,2,

la 1

n=(sp — q51) 5 =834,
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(1)

(b) BRIl 59:
EAuy(b) =0
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= Be "~ B =0
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)

(c) AFeA Add:
EIw/(a)=0
= (=ik*) 4™ + (1K) A,e ™ + (k) Ae™ =0 3)

= —ide™ +id,e™ + 4 =0
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(d) BEoNA Hetke:

(e) A elA

EIw"(h) =0
= (iK*)Be ™ + (=ik*)B,e™ +(k B, =0

= iBe ™" —iB,e" + B, =0

EHE:
EIw;(a)=0
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2 (3.3)¢F 4 B.6= Hstd ta3t Bk
A +A,+A4,—-B,—B,—B;—A4,— A, + A, +B;+ B, — B, =0
—24,-2B;=0 ®)
= B, = 4,

21 3l A A ()= W oS3 2ok
_Z'Aseﬂ;a +l~A4efi%a +A56Xa _(_A3eiI€a _A4e—i1€a +A5€Ea) —0
:>(1—l')A3ei/?a +(l-+1)A4e_i/;a ~0

(l+1)A e—2il€a
(1-i)"

= A’% = _iA4e_2i/;a (A4 — l.A»;eZiEa)

©)

=>4, =-

2 @elA A ey Wi vhE 2ok
iBye ™ —iB,e™ + B.e" —(-B,e™ — B,e"” + B.e”) =(
= (i+1)Be ™ +(1-i)B,e™ =0 (10)

j— B,{ = iBAeZﬂ;b(BA — _iBge_Zi];b)

A 3.5 A (®)-(10°] A¥E Hsishd v Aok
= —id, +id, — A, +iB,—iB,— B, =0
= —id, +i(id,e*™) +iB, —i(=iBe ") =24, = 0

:>_(l~_i_62i/;a)143_i_(l-_e—Zi,’;b)B3 =2A6

:>A6 :_%(i+62ika)A3 +%(i_e—2ikb)33 (11)
= A6 = _%(i-i-ez”m)(—iAéle2ik“)+%(i—e2ikb)(iB4ezikb)

= A6 :%(l'_e—Zika)A4 _%(l-+62ikb)B4
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:>Bl +Bz _AI _Az =_lfAALk(A1 _AZ)_TfEél (A3 +A4 _As)

. . h2k?
= (1—if , Lk)A + A +if , Lk) A4, —YfFA (A, +A,—A)
q [ ——

-B -B,=0
= ¢, A,+c,A,—c;(A;+A,—A)— B, — B, =0
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= ¢, A, +¢,(A4,*" ) — c,[ A, +(id,e*™)

l . ika l . ~2ikl -2i
_{_E(l"‘e“ )4, +E(l_e 2kb)B3}]_B1 —(Be : kb):()
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Abstract

Predicting the Natural Frequencies of a
Cracked Beam Considering Axial—bending

Coupling from Wave Propagation Perspective.

by
KANG JI KANG

Department of Civil Engineering
Graduate school, Dong-A University

Busan. Korea

This paper presents a technique for predicting natural frequencies of a
cracked beam considering the axial - bending coupling from wave
propagation perspective. Higher-mode natural frequencies are sensitive to
incipient cracks, but previous studies have focused on the effect of the
cracks on the lower-mode natural frequencies. In this regard, we derive a
characteristic equation for calculating the higher-mode natural frequencies
from wave propagation perspective. In order to determine the unknowns in
the dynamic behaviors of the beam, 12 equations are obtained considering
force, displacement boundary, compatibility and equilibrium conditions,
respectively. In particular, the effects of axial-bending coupling are
considered for the compatibilities of axial displacement and deflection angle

at crack location. Wave components corresponding evanescent wave modes

89



are assumed to be selectively negligible in the formulation from wave
perspective. This results in a single characteristic equation through
parameterization regardless of support conditions of a beam. The natural
frequencies are computed using the characteristic equation which is solved
through the Newton-Raphson method. The natural frequencies computed by
the proposed method are compared to those obtained by finite element
analysis using ABAQUS for verification purpose. The differences of natural
frequencies are compared as well between pure bending and the
axial-bending coupling for identifying the axial-bending coupling effects. The
axial-bending coupling plays a crucial role in predicting accurate natural
frequencies of a cracked beam either in case the crack depth ratio increases

or the natural mode of interest becomes higher.
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