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Abstract 

Elasto-Dynamic Interpretation of a Coupled PZT Beam 

System for Reference-free Damage Dignosis of a Plate 

                                                  by 
                                        Kim, Eun-Jin 

                                Dept. of Civil Engineering  
Graduate School, Dong-A University  
Busan, Korea 

This paper presents the elasto–dynamic interpretation of a coupled 

PZT beam system (CPBS) for reference–free damage dignosis of a 

plate. In particular, theoretical approaches on electro–mechanical (EM) 

signal for detecting damage are conducted in the perspective of the 

modal characteristics of a plate, and then the following reserches are 

proposed to overcome the limitation of previous impedance–based 

damage detection which requires the base signal associated with 

prestine condition of a plate.  

In this paper, the EM signal is understood by elasto–dynamic 

correlation between Lamb wave(LW) and EM signals. The correlations 

between LW and EM signals are quantitatively investigated through the 

temporal spectrums and pulse superposition. A pair of identical 

piezoelectric (PZT) wafers collocated on a plate enable extraction of 

mode–converted signal due to their polarization characteristics. 
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Through the FFT (Fast Fourier transform) of the mode–converted LW 

signals truncated by a series of time windows, the convergence of the 

temporal spectrums are demonstrated resulting in the resonance of the 

plate within the driving frequency range. The root mean squares 

(RMS) of the temporal spectrums indicate that the signal to noise ratio 

associated with damage is amplified as the time window size increases. 

In this regard, the mode–converted LW singles can be integrated to the 

EM impedance signals for damage detection of the plate. 

The spectral element (SE) for the CPBS is formulated to compute 

the EM signals in the frequency domain. The Euler–Bernoulli beam 

theory and one–dimensional linear piezoelectricity are used to model 

the electro–mechanical behavior of the PZT wafer. The effects of 

rotational mass inertia and shear deformation in the base beam are 

represented by the Mindlin–Herrmann theory and the Timoshenko 

beam theory, respectively. The validity of the proposed SE analysis is 

demonstrated through the comparison to the numerical results from FE 

analysis and experimental results. 

Finally, the effects of the size and the location of damage on the 

mode–converted EM signals are investigated through parameter study 

using SE analysis. Through the parameter study, the feasibility of the 

reference–free damage diagnosis using EM signal is presented in a 

plate mode–converted. 

--------------------------------------------------------------------------------------------------------------- 

Key Words: Elasto–dyanamic, Lamb wave (LW), Electro–mechanical 

(EM) impedance, Plate, Coupled PZT–beam system (CPBS), Integrated 

damage detection, Temporal spectrum, Spectral element (SE), Finite 

element (FE), Root mean square (RMS). 
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Chapter 1 

Introduction 

 

1.1 Overview and Motivation  

 

Advances in sensor and IT technologies enable structural health 

monitoring (SHM) systems to assess damage using near real–time 

dynamic responses measured from structures. A large volume of 

research has been conducted to detect incipient damage such as crack 

and delamination in metallic and composite structures using electro–

mechanical (EM) interaction between a piezoelectric transducer and a 

structure [Giu02, Par03, Rag07]. Wafer–type piezoelectric transducers 

made of lead zirconate titanate (PZT) can easily be bonded onto the 

surface of a structure to create and measure high–frequency dynamic 

responses sensitive to incipient damage. Due to the small, lightweight 

and nonintrusive nature of PZT, it has become popular for online SHM 

and nondestructive testing (NDT) applications [Cha95, Cha01, Wan99, 

Bol99, Kes02, Giu03]. When PZT is adopted for damage detection in a 

plate–like structure, two representative approaches are usually utilized: 

(1) wave propagation using Lamb wave (LW) signals in plates (e.g., 

either pitch–catch or pulse–echo) and (2) EM signals, such as 

impedance or admittance [Giu05, Par00, Bha04, Bul09]. 

In LW–based damage detection techniques using PZT, LW signals 

can exist in thin plates with parallel free boundaries and travel through 
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the entire thickness of a material. LW signals are especially important 

because they are elastic perturbations that can travel a long distance in 

thin–wall structures with only minimal energy loss [Kei95, Mou97, 

Giu00, Soh07]. Thus, LW signals enable the SHM of large areas from a 

single location. LW signals can also travel inside curved walls and 

composite plates [Lin01, Liu03]. These properties make them well 

suited for detecting surface defects of aircraft, pipelines, and others 

[Sun00, Giu01, Dal01, Tho02, Kes05]. However, NDT techniques 

using LW signals have major limitations because LW testing is 

generally complicated by the coexistence of dispersive and refractive 

modes at any given frequency [All92a, All92b, Wil01]. 

PZT wafers can be used as high–frequency modal sensors in the EM 

impedance–based method. The EM impedance–based method couples 

the mechanical impedance of the structural substrate with the electrical 

impedance measured at PZT wafer terminals. The EM impedance 

measured in high–frequency is sensitive to local incipient damage 

[Lia94], and has shown promise in detecting local defects in complex 

structures [Sun95a, Sun95b, Giu00a, Giu00b, Zag02].  

From the above mentioned advantages, impedance–based damage 

detections have been conducted in various field applications. The basic 

sheme of EM impedance–based method for damage detection is to 

compare the response signals between intact and damaged statuses. 

However, it has been also reported that the base line signal of intact 

state is greatly affected by those operational and environmental 

variations. Furthermore, analytic model for EM interaction between 
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PZT and a host structure has been generally applied as a simplified 

Liang’s model of PZT actuator–driven system. The dynamic behavior 

of the host structure, whereby the substructure with bonded PZT is 

modeled by an one–dimensional equivalent spring, damping and mass, 

cannot be exactly represented. Therefore, the specific location and 

degree of damage are difficult to be identified in SHM, which relies on 

the characteristics of the host structure and damage. 

The aforementioned problems are the motivations of this study. In 

order to overcome the limitations of conventional NDT method, a full 

understanding of the elasto–dynamic relations between the transient 

response of LW signals and steady　state response, such as EM 

signals, is required. Also, reference–free technique based on the 

impedance signature is developed for reliable damage detection. 
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1.2 Literature Review 

 

SHM can be performed either passively or actively. Passive SHM uses 

passive sensors that“listen,”but do not interact with the structure 

[Ree92, Kud93, Van95, Ell97, Kol98, Sch98, Hau99, Cha99]. 

Surface–bonded PZT wafers, which can capture guided wave, such as 

LW and EM signals, have great potential in active SHM. PZT wafer was 

initially used by Craweley et al. for structural vibration control [Cra87, 

Cra90]. PZT wafers are inexpensive, nonintrusive, unobtrusive, and 

minimally invasive devices that can be surface–mounted on existing 

structures, between the layers of lap joints, or inside composite 

materials. The use of PZT wafer in active SHM has been 

experimentally explored for civil, mechanical, and aerospace structures 

[Cha95, Kei95, Giu00, Lin01a, Lin01b, Ihn02, Kes04, Zha07, Soh10, 

Par10]. 

 

1.2.1 Lamb Wave–based Techniques Using PZT in Active SHM  

Acousto–ultrasonic techniques are based on stress waves introduced 

into a host structure. Various mechanisms of wave propagation are 

utilized for damage detection. Ultrasonic inspection, such as NDE, is 

well established and has been used in the engineering community for 

several decades [Kra90, Sta03, Ost09]. 

 In an infinite solid medium, elastic waves can propagate in two basic 

modes: pressure (P) and shear (S) waves. However, if the medium is 

bounded, wave reflections occur at the boundary, and more complicated 
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wave patterns emerge. Guided waves propagate along the midsurface 

of thin–wall plates and shallow shells. They can travel a relatively long 

distance with very little attenuation, offering the advantage of large–

area coverage with a minimum of installed sensors. One guided wave is 

Rayleigh wave, which propagates close to the free surface of elastic 

solids [Ray87]. Other examples are Stoneley, Love, and Scholte waves, 

which travel at material interfaces [Sto24, Lov26, Lov 44, Sch42]. 

Also, Gazis developed and analyzed the dispersion equations for guided 

waves in cylinders [Gaz58, Gaz59]. 

A very important class among these guided waves is Lamb wave 

(LW), which can propagate in solid plates (or shells) with free 

surfaces. Due to the abundance of plate– and shell–like structural 

configurations, this class of guided waves has been the subject of much 

scrutiny. LW signals were first mathematically predicted and described 

by Horace Lamb [Lam17] a century ago. However, he was not able to 

experimentally produce guided waves. This was achieved by Worlton 

[Wor61], who was likely the first to recognize the potential of guided 

waves for NDE. LW theory is fully documented in a number of 

textbooks [Vik67, Gra75, Ach99, Ros99]. Guided LW singals have 

opened new opportunities for cost–effective detection of damage; a 

large number of papers have been published on this subject [Dal01, 

Tho02]. Traditionally, guided waves are obliquely generated by 

impinging the plate with a tone burst from a relatively large ultrasonic 

transducer [All92]. 

In recent years, several investigators have explored the generation 
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of Lamb–waves with PZT–wafer active sensors [Kei95, Giu00, Giu02, 

Soh07, Par10]. PZT wafers can be used as transmitters and/or 

receivers of LW signals in the specimen, by using pitch–catch and 

pulse–echo methods. In the former, a pulse signal is sent across the 

specimen under interrogation, and a sensor at the other end of the 

specimen receives the signal [Caw96, Wai04, Pra04, Tua05, Par06, 

Cuc07, Ihn08]. In the pulse–echo method, after exciting the structure 

with a narrow bandwidth pulse, a sensor collocated with an actuator is 

used to “listen” for echoes of the pulse coming from discontinuities 

[Ros94, All01, Giu04]. The LW–based approaches using the pitch–

catch and pulse–echo method have been utilized by identifying the 

changes in the transmission velocity and energy of the elastic waves 

associated with damages. 

 The reference–free approach has been proposed as an alternative 

for more effective damage detection using PZT wafer. This approach 

utilizes the time reversal process [Par07, Soh07] and LW propagation 

on a plate using polarization of collocated PZT wafers [Kim07]. The 

reference–free technique has been advanced from the time domain into 

the frequency domain. The improved reference–free technique is based 

on the premise that crack–induced Lamb mode in time domain is 

converted through fast Fourier transform (FFT) into the frequency 

domain, thereby estimating the energy of the converted Lamb mode 

[Par10]. These techniques do not rely on previously obtained baseline 

data for crack detection and extraction of the damage sensitive 

features. Therefore, the reference–free technique is robust to 
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operational and environmental changes, such as varying temperatures. 

 

1.2.2 EM Impedance–based Techniques Using PZT in Active 

SHM 

   EM signals, such as impedance and admittance, are affected by the 

theoretical development of applying impedance measurements to SHM. 

This was first proposed by Liang et al. [Lia94]. A brief introduction of 

the concept of the impedance method is presented below.  

 EM impedance–based analysis of the dynamic response of active 

material systems based on the interaction between actuators and 

structures being governed by the EM characteristics of the actuator 

and the dynamic characteristics of the structure, (i.e., the structural 

impedance). The structural impedance includes mass, damping, 

boundary condition, rigidity, spatial location, and acoustic impedance if 

fluid coupling effect needs to be included.  

Liang et al. proposed two approaches currently used in the dynamic 

analysis of active material systems; static approach and dynamic finite 

element approach. In static approach, the pin–force model is widely 

used [Cra89]. In pin–force model, the mechanical interaction between a 

bonded actuator and its host structure is assumed to occur at the ends 

of the actuator in the form of concentrated forces. These concentrated 

forces, which represent the effects of the induced strain actuator in 

static and dynamic analyses, are determined based on strain 

compatibility and static force equilibrium between the actuator and 

structure. Crawley et al. used this approach for determining the static 
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equivalent force or moment uses of Euler–Bernoulli beam equations. 

Additionally, Giurgiutiu et al. developed a new model based on the pin–

force theory [Giu05]. 

 In dynamic approach, the EM modeling of PZT actuator–driven 

systems is based on the impedance method developed by Liang et al. 

This is a one–degree–of–freedom mode for dynamic approach, 

consisting of spring, mass and damper system driven by a PZT 

actuator. The dynamic interaction between the PZT and the structure 

is determined by coupling one of the constitutive relations of PZT and 

the structure with equilibrium, compatibility conditions, and the 

equations of motion for both the PZT actuator and the structure.  

This is a simplified model; however, the variation of EM signal 

according to dynamic specific of host structure cannot be accurately 

interpreted. Wang et al. extended the work of Liang et al. to PZT stack 

actuators with structures at both sides, and checked their sensing and 

actuation ability in detail [Wan96a, Lia93a]. Subsequently, this model 

has been developed by other researchers. [Giu88a, Giu88b, Cha95, 

Ayr98, Giu00, Giu03, Zag01, Bha02a, Par03, Par05]. In these studies, 

the PZT patches required very low–level voltage, typically less than 1 

V, to produce high–frequency excitation in the host structure.  

 

1.2.3 Numerical Analysis of Surface–bonded PZT. 

In terms of modeling the effect of surface–bonded PZT wafer, 

researchers hold different opinions. A few works have suggested that 

surface–bonded PZT wafers act similarly to conventional ultrasonic 
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transducers. Conventional ultrasonic transducers act through surface 

“tapping,” which means applying vibrational pressure to the object’s 

surface, thereby causing uniform normal traction over their contact 

area. In contrast, majority of the previous works (including ours) have 

suggested that PZT wafers are more effectively modeled through 

“pinching,” which means applying strain coupled with the object surface. 

This idea was inspired by the work of Crawley et al., who proposed 

this model for quasi–static induced strain actuation of PZT wafer 

bonded on a beam [Cra87, Cra91].  

In previous works, finite element method (FEM) have been adopted 

to compute coupled dynamic responses between a PZT wafer and a 

plate–like structure [Alf74, Par06 ]. However, each element in FEM 

should be sufficiently small to guarantee accuracy of the solution. FEM 

requires a large number of elements and, consequently, huge 

computational cost for simulating the coupled dynamic responses in a 

high–frequency range. 

Spectral element method (SEM) is one of the alternatives to FEM for 

computing the coupled dynamic responses because the inertia effect of 

the structure can be properly represented without dense mesh 

refinement. Narayanan et al. were the first to introduce the basic 

concept of SEM [Nar78]. They derived the exact dynamic stiffness 

matrix of the beam element and employed FFT techniques for dynamic 

analysis of plane frames. Their work was further improved and 

generalized by Spyrakos et al. [Spy82]. Later, Doyle applied SEM to 

wave propagation in structures [Doy88]. The SEM applications to 
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wave propagation problems by Doyle et al. the related references up to 

year of 1997 are found in the book by Doyle [Doy97]. Furthermore, 

various spectral elements have been introduced to analyze the dynamic 

responses of rods, beams, and plates [Gop94, Lee00, Doy00]. In 

impedance analysis, application of SEM to various structural dynamic 

problems was conducted by Lee et al. This study is one of the few 

works dealing with the development of a spectral element that can 

simulate the coupled dynamic responses between a base beam and a 

surface bonded PZT wafer. Lee et al. developed spectral elements for 

modeling the dynamic interaction of a base beam and a surface–bonded 

PZT wafer [Lee01]. They formulated two sets of motion equations: 

(1) a two–layer beam model consisting of a base beam and a PZT layer 

and (2) a three–layer beam model consisting of a base beam, an 

adhesive layer and a PZT layer. In their formulation, the longitudinal 

and flexural behaviors of both the base beam and the PZT layer are 

assumed to follow the elementary rod and Euler–Bernoulli beam 

theories, respectively. Although these assumptions generally work well 

in a low–frequency range, lateral contraction, rotational mass inertia 

and shear deformation, which play significant roles in high–frequency 

response, cannot be properly represented in the elementary rod and 

Euler–Bernoulli beam theories. 

 

 

 

 



Chapter 1 Introduction                                                    11 

 
 

 

 

1.3 Objectives and Scopes 

 

The objective of this research is to study an EM signal–based 

refference–free damage detection technique, regardless of 

environmental and operational variations. Damage detection base on the 

EM signal has been a limitation due to the variation of the base signal 

and a lack of the understanding the EM signal. Additionally, the Liang’s 

model is a simplified one–dimensional model, which is difficult to 

exactly calculate the EM signal considering to the modal vehavior of a 

host structure. Therefore, the correlation analysis between LW and EM 

signals, which are currently being independently used, is examined to 

exactly understand the EM signal, and then the signal decomposition 

technique of the EM signals is derived. Also, full modeling techniques 

that simulate dynamic behavior of host structure and PZT wafer are 

proposed. The specific objective and scope of this research are 

represented as follow; 

 In Chapter 2, elasto–dynamic analysis of transient LW mode signal 

on the plate–like structure is introduced. The correlations between LW 

and EM signals are investigated through the wave pulse and temporal 

spectrums of LW signals when input voltage signals are excited by two 

types of excitation (i.e., harmonic and tone burst) on the PZT. Here, 

finite element (FE) analysis is adopted to calculate an approximate 

solution. Also, the mode–converted LW signal is computed by the LW 

decomposition technique, and then the temporal spectrums are 

investigated according to different time window size to truncate the 
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mode–converted LW signal. Through the temporal spectrums and RMS 

(root mean square) values of temporal spectrum, understanding the 

signal characteristics of EM signals and the possibility of the 

reference–free damage detection using the mode–converted signal will 

be shown by the EM signal decomposition technique.  

In chapter 3, the full modeling theory of using proposed spectral 

element (SE) is explained to interpret EM interaction between a host 

structure and PZT wafers; the equation of motion is formulated prior to 

a spectral element for a coupled PZT and beam system (CPBS) that 

can properly take into account of lateral contraction, rotational mass 

inertia and shear deformation in the high frequency range. In the 

analysis of intact condition using CPBS model, the longitudinal and 

flexural behaviors of the base beam are represented by the Mindlin–

Herrmann theory and the Timoshenko beam theory, respectively 

[Min51, Tim22, Doy97]. Because the thickness of the PZT wafer is 

relatively small compared to that of the base beam, the longitudinal and 

flexural behaviors of the PZT wafer are represented by the elementary 

rod theory and the Euler–Bernoulli beam theory, respectively. In the 

case of damage analysis, additional damage spectral element is 

proposed to describe the damaged base beam and the mode–converted 

signal which is steady–state signal as the EM signal is extracted by the 

signal–decomposition technique based on the EM signals. The FE 

analysis and experimental test through impedance analyzer and laser 

scanning vibrometer are performed for validation of proposed SE 

analysis. 
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In chapter 4, the parameter studies are conducted to verify the 

posibility of the integrated damage detection. Numerical simulation is 

performed through the proposed spectral element (SE) analysis using 

a coupled PZT–beam system (CPBS). The RMS value is used for 

damage quantification.  First, the decomposed mode–converted signal 

corresponding to the varying notch location and depth is calculated and 

the RMS of each mode–converted signal is compared to define the 

damage. Then, the correlation between the model surface strain shape 

(MSSS) and the peak–size of the decomposed EM signals due to 

damage is analyzed to know additional characteristic of EM signal.   

Finally, imperfection effect is considered to confirm the limitation of 

the proposed method. Here, the imperfection represents the anti–

symmetric condition of the collocated PZT wafer on the top and bottom 

surface in the plate–like structure. When the input voltage and 

imperfection condition are changed, the relative criterion for damage 

detection will be properly predicted in the frequency domain.   
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1.4 Contribution and Uniqueness 

 

This study proposes a great potential to EM signal–based damage 

diagnosis. As removing the unexpected changes in envirommental 

effects and operational variations, existing EM signal–based techniques 

will have attractions to real–structure applications since this technique 

is very sensitive to local damage. The uniqueness of this study is listed 

below.  

 

1. Qualitative and quantitative analysis of the Electro–mechanical singal 

with respect to the mode characteristics by the elasto–dynamic 

vehavior of the Lamb: 

  Through the finite element (FE) analysis, the modal harmonic 

mortion of Lamb wave by the time history analysis and the natural 

mode shape by the modal analysis are qualitatively analized as the 

same. Therefore, it is shown that Lamb wave signal in the time domain 

and EM signal in the frequency domain are not individual signals. If the 

frequency of Lamb wave pulse signal is the same as the resonance 

frequency of the structure, the magnitude of temporal spectrum to be 

depended on the linear superposition of pulse is theoritically shown. As 

the time window size increases, the magnitude variation of temporal 

spectrum has the correlation of converging Lamb wave in the time 

domain into EM signal in the freqeuncy domain. 

The EM signal which is considered to the modal characteristics of a 
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host structure is quantitative verified with respect to the elasto–

dymamic vehavior of Lamb wave through pulse–superposition and 

temporal spectrum.  

 

2. Theoritical verification of reference–free damage diagnosis using EM 

signal:   

The temporal spectrum is used to investigate a mode–conveted Lamb 

wave signal which is extrated by a polarization direction of collocated 

PZT on the both side of a plate. In particular, the correlation analysis 

associated with the electro–mechanical signal is conducted through a 

comparison of spectrum signals in the frequency domain, and then EM 

signal–based reference–free damage diagnosis technique is first 

proposed. Through the FFT (fast Fourier transform) of the mode–

converted LW signals truncated by a series of time windows, the 

temporal spectrums and RMS values of the temporal spectrum are 

equally incresed as the time window size increases. In this regard, 

theretical basis and validation shows that the damage detection using 

the electro–mechanical signal is more efficient than the one using Lamb 

wave in the reference–free technique because the signal to noise ratio 

associated with damage is amplified. 

 

3. Formulation of spectrum element and parameter study using spectral 

element analysis for refrence–free damage detection: 

The spectral element (SE) for the CPBS is formulated to compute the 
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EM signals in the frequency domain. The SE analysis using the CPBS is 

a good alternative to FE analysis because the mass inertia effect of a 

host structure can be exactly considered without dense mesh 

refinement in the high–frequency range. The thickness of the PZT is 

assumed relatively small compared to that of the base beam, and it is 

assumed that PZT and base beam are perfectly bonded. The Euler–

Bernoulli beam theory and one–dimension linear piezoelectricity are 

used to model the electro–mechanical behavior of the PZT wafer. The 

effects of rotational mass inertia and shear deformation in the base 

beam are represented by the Mindlin–Herrmann theory and the 

Timoshenko beam theory, respectively. The validity of the proposed 

SE analysis is demonstrated through the comparison to the numerical 

results from FE analysis and experimental results. 

Finally, the effects of the size and the location of damage on the 

mode–converted EM signals are investigated through parameter study 

using SE analysis. Through the parameter study, the feasibility of the 

integrated damage detection of a plate is presented. 
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Chapter 2 

Temporal Spectrum Analysis of Mode–converted 
Lamb Waves for Detecting Damage in a Plate  

 

In Lamb wave (LW)– and electro–mechanical (EM) impedance–

based SHM using the PZT which are either permanently attached to the 

structure or inserted between the layers of composite lay–up, the input 

voltage signals of actuator generating LW and EM signals are excited 

by some high–frequency pulse signal (typically a modulated sinusoidal 

harmonic, chirp or tone burst of the narrow band frequency range). 

Especially, LW modes (such as the S0 and A0 Lamb wave) and EM 

impedance that are strongly influenced by small changes in the material 

stiffness and thickness are well suited for damage detection of the 

structure. 

In general procedure of NDT using LW signals and EM signals, such 

as impedance and admittance, the LW signals are scattered as the 

different modes by the reflection and propagation when the LW signals 

pass through a structural discontinuity. The EM signals are also 

changed according to a discontinuity. The structural discontinuity could 

be divided into several types, such as a crack, delamination, a 

structural feature (such as a stiffener) or a structural boundary. 

Therefore, prior information is required about the structure in its 

undamaged state to be able to distinguish between damages and 

structural features. Although there are some differences to compare 

variables, such as the case of LW signals examine a phase, dispersion, 
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and time of flight; or EM signals are a frequency value and amplitude of 

resonance frequency, etc. These signals comparing, “current” 

measured signal with “pristine” measured signal, are equally applied to 

LW and EM signals for damage detection. The traditional damage 

detection techniques using LW and EM signals can be summarized as 

shown in Tab. 2.1 according to the types of dynamic response signals 

and sensing schemes. 

 

Table 2.1 Damage detection techniques for SHM using PZT. 

Sensing 

Signal type 
Self sensing Remote sensing 

Transient Signal 
(T<<1) 

Pulse echo method Pitch–catch method 

Steady–state Signal 
(T>>1) 

EM impedance–
based method 

Transfer impedance–
based method 

 

First, signal type can be divided into transient signal and steady–state 

dynamic response signals, respectively. When a host structure is 

excited, the transient signal represents the generated and measured 

ones in relatively short period of time. On the contrary steady–state 

signals indicate those measured during a relatively long time. Next, 

there are also two approaches depending on the sensing layout to 

detect damage. Self–sensing and remote–sensing utilize the single or 

dual PZTs, respectively for generating and sensing the response 

signals. The schematic of the self–sensing and remote–sensing are 

shown in Fig. 2.1[Sho07, Kim07, Par10, Sho10]. The Fig. 2.1(a) 

represents the remote–sensing consists of the pitch–catch and transfer 
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impedance method which are classified as the applying signal 

depending on time. Two or more PZTs are generally used for remote 

sensing to analyze the transient state and steady–state signals. An 

input pulse signal is exerted on one PZT and LW signals travel across 

the specimen under interrogation. Then another PZT at the opposite 

side of the specimen receives the response signals which are LW or 

impedance signals. From this way, the remote method can be used to 

detect the presence of cracks. When LW signals encounter a crack, the 

incident waves get scattered. The scattered signals can be extracted 

through the comparison of the pristine and damaged wave signals. 

Analysis of the scattered signal allows for extracting the wave modes 

created by damage evolution. [Lin01(a), Liu03, Giu03(a), Ihn03]. The 

boundaries of a structure do not affect this method. On the other hand, 

the self sensing method is presented in Fig. 2.1(b) [Par10, Kim10(a), 

Kim10(b)]. The same PZT is used to “listen” for echoes of the 

pulse coming from discontinuities after a bonding PZT on the structure 

is excited with input voltage signal. Because the boundaries and the 

wave speed for a given center actuation frequency of narrow band 

pulse such as tone burst are known, the signals from the boundaries 

can be filtered out (or alternatively the test signal can be subtracted 

from the baseline signal). Then, signals from the defects are left. 

Depending on the type of applying signal can be separated as pulse–

echo and EM impedance method.  

Until recently, the above mentioned methods have been used 

independently in the SHM of utilizing PZT. The efforts are under way 
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to improve or to integrate above methods for the more efficient 

damage detection in the SHM of utilizing PZT.  

 

(a) Remote sensing 

 

(b) Self sensing 

Figure 2.1 Two types of sensing schemes for damage detection using 
PZTs. 

 

2.1 Pulse-superposition of Lamb Wave Induced by PZT.  

 

Plate waves can be propagated only in very thin metals. LW signals 

are the most commonly used plate waves in NDT. LW signals are 

complex vibrational waves that travel through the entire thickness of a 

material. Propagation of LW signals depends on the density and the 

elastic material properties of a component. They are also influenced a 

great deal by the test frequency and material thickness.  
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(a) Symmetric mode(extension) (b)ani–symmetric mode(bending) 

 Fig 2.2 Wave propagation modes of initial Lamb wave(LW).  

 

Using PZT wafers placed on a host structure, LW signals consist of 

symmetric(S0, S1, ….) and anti–symmetric modes(A0, A1, …) are 

generated. As shown in Fig. 2.2, a symmetric and an anti–symmetric 

mode wave behave like an extensional and a bending wave, 

respectively. 

Also, the characteristics of wave pulses according to the applying 

input signal types on the PZT are defined by the following equations 

based upon the simple harmonic motion. The transmission wave 

pulses( y ) and reflection wave pulses( y) described by Eq.(2.1a) and 

Eq.(2.1b), respectively. 

)cos( nnn tay    (2.1a)

)cos( nnn tay    (2.1b)

 

Where, na , n  and n  represent amplitude, angular frequency and 

initial phase angel of the motion.  

  The superfosition of two wave pulses is defined as follows:  

 )cos( nnn tayyy    (2.2)

 

Where, }/)cos{( 22 nnnn aa    and 2/)( nnn   . 
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Note that, the superpositions of wave pulses in Eq. (2.2) are 

generated as various wave pulses according to the phase angle ( n ). 

Two kinds of representative wave pulses are defined as follows:  

- Resonance state ( nnn   ) 

)cos()cos( nnnnnn tatay   22  

n
nn

nn aaa 2
2

2 


 )cos(


 

(2.3)

 

- Anti-resonance state ( 2/)( nnn   , 2/ n ) 

)}{cos()cos(
22

2 nn
n

nn
n tay

 



  

0
2

2 


 )cos( nn
nn aa


 

(2.4)

 

If phase angle of the transmission wave pulse and reflection wave 

pulse are the same, the magnitude ( na ) of motion becomes na2  and Eq. 

(2.3) is obtained to describe the resonance state. If phase angle of the 

transmission wave pulse and reflection wave pulse are different, it is 

the random case including Anti–resonance state when difference of two 

phase angle is 2/  in the magnitude ( na ) of motion.  

  A motion of the type described by Eq. (2.3) and (2.4), simple 

harmonic motion, is represented by an magnitude of pulse(y)–time(t) 

graph such as that shown in Fig. 2.3.  
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


na

na

na
n

n 

n

na

na

na

na
n

n

 
(a)Harmonic input of period(T) 

and amplitude( na ) 

(b) Two kinds of representative 

wave pulse of harmonic motion. 

 Fig 2.3 Principle of wave pulses through signal superposition when 

harmonic input excited. 

 

In a similar fashion, wave pulse is generated as shown Fig 2.4 when 

the tone burst signal applys to the PZT wafer. Note that, tone burst 

signal conisiste of linear superposition of the simple harmonic motion. 

1a

1a

2a

2a

 
(a)Linear superposition of tone burst input signal. 

na

na

n 

n
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na

n

 

(b)Initial Propagation process of 

tone burst signal.  

(c) Extracted nth wave pulse to 

explain the superposition of tone 

bust signal. 

 Fig 2.4 Propagation characteristic of tone burst input signal through 

the pulse wave superposition. 

 

2.2 Analysis of the Temporal Spectrum of Lamb Wave Signals 

in the Intact Case 

 

As time passes by, you can observe a change of these LW signals 

from transient state to steady–state in Fig. 2.2. Both transient and 

steady–state dynamic responses of the structure can be easily 

generated and measured through the EM coupling between the PZT 

wafers and the structure. Fig. 2.5 schematically illustrates how the LW 

signals induced by PZT wafers converge to the steady–state dynamic 

responses of the beam. In Figs. 2.5(a), a cantilever beam with 

collocated PZT wafers is presented for the simplicity of explanation. 

As harmonic excitations of the 11th natural mode shape (f=15.4kHz)are 

applied to the PZT wafers, LW signals begin to propagate from the 

actuating PZT wafers as shown in Fig. 2.5(b) [Ros99]. Then, incident 

LW and reflected signals from the boundaries of the beam are 

superimposed, producing transient dynamic states in Fig. 2.5(c).  
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10 mm

3 mm

53 mm

PZT A

135 mm

0.507 mm

Base beam 
PZT B

0.507 mm

10 mm

3 mm

53 mm

PZT A

135 mm

0.507 mm

Base beam 
PZT B

0.507 mm

 
(b) Initial wave propagation 
produced by a harmonic 
excitation at 15.4kHz (t=0.012 
ms) 

 
(a) A cantilever beam with two 
collocated PZTs. 

(c)Transient state (t=0.125ms) 

 

0 0.1 0.2 0.3 0.4

-0.04

0

0.04

A
m

pl
itu

de
 o

f V
ol

ta
ge

 (
V

)

Time (msec)

T
3

T
4

T
2

T
1

 

0 10 20 30

T
1

T
2

T
3

T
4

0

25

50

75

100

A
m

pl
itu

de
  (

V
)

Frequency (kHz)

(d) Time windows for truncating 
the LW signals up to t = T4 for 
computing the temporal spectrums 
when harmonic input signals are 
imposed on the PZT (T1~T4= 
0.032 ~ 0.256 msec). 

(e) Temporal spectrums in the 
frequency domain with respect 
to different time window sizes in 
Fig. 2.5(d). 

 

Fig. 2.5 Temporal Spectrum analysis of LW signals truncated by 
different time windows when the harmonic input is inposed.  

 

For a more accurate understanding of correlation between transient 

and steady–state signal in the time domain, the effect of the time 

window size on the temporal spectrum has been investigated through 

numerical simulation in Figs 2.5(d), 2.5(e) and 2.6. The temporal 

spectrum described by Eq.(2.5). 

dttyX ti 

  eTtH i )()()(  (2.5)
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Here, the Newmark– β  method in ABAQUS 6.7–4 is used to 

accurately solve LW propagation problem in the time domain [Kis10, 

Aba10]. The LW signals induced by the harmonic input are truncated 

through a series of time windows with increasing size. Since Fast Fourier 

transform (FFT) is used to compute the temporal spectrum, the time 

window size (Tn) is determined by multiplying the sampling number (N) 

and time interval (Δt). In our study, the sampling number (N) is set to 

be n power of 2 and the sampling interval t = 0.25sec. The nth time 

window size (Tn) is defined as 2(n+6)t. Four temporal spectrums are 

compared in Fig. 2.5(e). As the time window size increases, the peaks 

of the temporal spectrums in Fig. 2.5(e) become dominant near the 

resonance frequency (11th mode, f = 15.4 kHz).  

At t=5.0ms, the cantilever beam becomes resonant as shown in Fig. 

2.6(a) and the vibrating shape is identical to the 11th natural mode 

shape in Fig. 2.6(b) [Fre71]. Also, the truncated LW signals induced by 

the harmonic input are calculated as shown Fig 2.6(c). When the temporal 

spectrums are compared to the temporal spectrums in Fig. 2.5(e), 

those in Fig 2.6(d) show a sharper peaks at the resonance frequency. 

Here, it is known that the peak size in the frequency domain is 

proportional to the response signal length in the time domain when the 

harmonic signal (11th, f = 15.4kHz) is excited on the PZT.  Note that, 
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the steady–state signal, such as impedance, could be obtained when 

sufficient time has been passed in the time domain analysis using the 

transient LW signals as shown the mode shape in Fig. 2.5. Compared to 

the temporal spectrums in Fig. 2.5(e), those in Fig 2.6(d) show 

sharper peaks at the resonance frequency and converge to the 

frequency response function. Usually, LW–based damage detection 

schemes utilize a narrow–band tone burst signals considering the 

dispersion characteristics of a structure instead of harmonic input 

signal in Figs. 2.5 and 2.6. 

  
(a) Resonant state(t=5.0msec). 

 

(b) The 11th natural mode shape 
(f =15kHz) 
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(c) Time windows for truncating 
the LW signals up from T5 to T8 
for computing the temporal 
spectrums when harmonic input 
signals are imposed on the PZT. 
Here, T5= 0.512msec and T8 = 
4.096msec. 

(d) Temporal spectrums in the 
frequency domain with respect 
to different time window sizes in 
Fig. 2.6(c). 

 

 

Fig. 2.6 Convergence of transient LW signals to resonant standing 
wave signals with a harmonic excitation.  
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The Fig. 2.7 presents the LW signals in the time domain [Figs. 2.7(a) 

and 2.7(c)] and the corresponding EM spectrum signal [Fig. 2.7(b) and 

2.7(d)] in the frequency domain, respectively. Similar to Figs. 2.5 and 

2.6, the LW signals up to 2.0msec are truncated by time windows with 

increasing sizes as shown Fig. 2.7(a) and the corresponding temporal 

spectrums are computed through fast Fourier transform in Fig. 2.7(b). 

Here, the time interval (t) is 1.8 sec and the size of the nth time 

window (Tn) is set to be 2(n+6)t. In Fig. 2.7(b), several peaks begin to 

appear within the driving frequency band from 4kHz to 16kHz for 

relatively small time window sizes. As the time window size increases 

as shown Fig. 2.7(c), the several peaks in the temporal spectrums in 

Fig. 2.7(d) converge to the resonance frequencies of the cantilever 

beam within the driving frequency band. When the time window size is 

large enough (e.g. T8=29.491msec), the associated temporal spectrum 

converges to the frequency response function. At this stage, the 

temporal spectrum also can represent the well–known EM impedance 

or admittance.  
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(a)The response signal to T4 when 
tone burst type input is excited on 
the PZT. (T1~T4= 0.230 ~ 1.843 
msec; N=27~210). 

(b) The converted response signal 
into frequency domain according to 
the signal lengths (0~Tn, n=1~4) in 
fig. 2.7(a).  
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(c) The signal Division on the 
total response signal from T4 to 
T8 by the sampling points (N=2n, 
n=11~14). Here, T8=29.49msec, 
N=214. 

(d) Comparison of conversion signal 
according to response signal lengths 
(0~Tn, n=5~8) in fig. 2.7(c). 

Fig. 2.7 Temporal spectrum when the tone burst type input excited 
on the PZT.  
 

Although the complex behavior between transient LW and steady–

state LW signals is difficult to derive a numerical formula, the results 

from Fig 2.5 to Fig 2.7 are very important meaning to understand EM 

signals. The temporal spectrum is to convert the transient LW signals 

into steady–state signals through fast Fourier transform (FFT) 

according to input excitation, such as the harmonic and ton burst types. 

When the electric characteristic of the PZT and the mechanical 

characteristic of the host structure are coupled, the EM signal, such as 

impedance and admittance, can be obtained in the steady–state of 

frequency domain. Note that, if the damping of the host structure is 

zero, the time will be assumed infinite to make the resonance of the 

host structure. 

Therefore, we can understand that the LW signals and EM signals 

are not a separate signal. Also, the additional analysis of the LW signals 
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will be needed for more detailed relation between LW and EM signals. 

In the next subsection, the variations of the LW signals in the transient 

state are discussed by the influence of the damage, such as notch. 

 

2.3 Decomposition of Lamb Wave Mode Signals Using the 

Poling Directionality of Collocated PZT Wafers 

 

As described above, the conversion of transient LW signals into 

resonance standing LW signals is important principle to understand 

characteristics of the LW signals and is an important concept to 

understand the dynamics characteristics of the EM signals, at the same 

time.  Therefore, a more accurate understanding of LW signals will get 

an accurate understanding of EM signals.  

In the previous study [Kim07], PZT wafers were placed 

considering their polarization characteristics so that the mode 

conversion due to crack formation can be isolated. The formation of a 

crack in a plate induces a sudden thickness variation and becomes a 

source of mode conversion. If the LW signals propagating along a thin 

plate encounter a discontinuity point such as crack, then some portion 

of the transmitted LW modes will be converted into other modes. For 

example, when the first symmetric LW mode (S0) arrives at the 

discontinuity, the transmitted wave is separated into fundamental 

symmetric (S0) and anti–symmetric (A0) LW modes (denoted as S0/S0 

and A0/S0, respectively). In a similar fashion, an A0 mode is also 

transformed into S0 and A0 modes (S0/A0 and A0/A0). 
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Fig. 2.8(a) shows two identical PZT wafers collocated on both sides 

of a plate and a source of mode conversion. Here, the source of mode 

conversion is assumed to be a notch. The arrows placed over and 

under PZT wafers denote the poling directionality of the PZT wafers 

[Kim07]. Each PZT wafer can be used to create and detect LW modes. 

Because both actuating and sensing PZT wafers are collocated on the 

plate, the generation and reception of LW modes take place in the 

pulse–echo mode [Rose07]. For the brevity of description, only S0 and 

A0 LW modes are considered, and S0 mode is assumed to travel faster 

than A0 mode. In Fig. 2.8(a), LW signals are excited and measured by 

PZT A while PZT B plays a role of simultaneous actuation and sensing 

in Fig. 2.8 (c).  In Fig. 2.8 (e), LW signals are generated by one of 

PZTs A and B and measured by the other PZT. The first arrivals of the 

converted modes (S0/A0 and A0/S0) appear between the first arrivals of 

the S0 and A0 modes reflected from the notch. It should be noted that 

the arrival times and the waveforms of S0/A0 and A0/S0 are exactly 

same because the traveling distance for S0 mode and A0 mode are 

identical in the pulse–echo method. The only difference between A0/S0 

and S0/A0 is their relative phases which depend on the polarization 

orientations of the actuating and sensing PZT wafers. Figs. 2.8(b), (d) 

and (f) schematically present the relative arrival times and phases of 

various LW mode signals created and received through the illustrated 

setup in Figs. 2.8(a), (c) and (e), respectively. Here, LWS stands for 

LW mode signal, and the first and second subscripts of LWS indicate 

the actuating and sensing PZT, respectively. 
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(a) Extraction of LW mode 
signals (LWS) with PZT A as an 
actuator and a sensor 
simultaneously. 

(b) Relative phases in the 
extracted LWSAA from (a). Here, 
the first and the second subscript 
indicate the actuator and the 
sensor, respectively. 

 

 

(c) Extraction of LWS with PZT 
B as an actuator and a sensor 
simultaneously. 

(d) Relative phases in the 
extracted LWSBB from (c). 

 

 

 

(e) Extraction of LWS with PZT 
A (or B) as an actuator and PZT 
B (or A) as a sensor. 

(f) Relative phases in the 
extracted LWSAB(LWSBA) from 
(e). 

Fig. 2.8. Comparison of relative arrival time and phase information of 
decomposed Lamb waves.  

 

At the absence of the notch, LWSAA and LWSBB should be identical 

because the mode–converted (MC) LW mode signals (the sum of S0/A0 

and A0/S0) will not appear [Kim07]. However, LWSAA and LWSBB are 
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no longer identical when the notch is formed because the relative 

phases of the mode–converted LW mode signals become different. Due 

to the opposite polarization directions of PZTs A and B, the relative 

phases of S0/S0 and A0/A0 are in–phase while those of mode–converted 

LW mode signals (the sum of A0/S0 and S0/A0) are out–phase in LWSAA 

and LWSBB as shown in Fig. 2.8(b) and (d), respectively [Kim07]. In 

LWSAB and LWSBA, the relative phases of A0/S0 and S0/A0 are out–of–

phase and cancel out completely. Therefore, no mode–converted LW 

mode signals appear in LWSAB (or LWSBA) as shown in Fig. 2.8(f). 

Also, LWSAB is always identical to LWSBA due to the reciprocity of the 

linear elasto–dynamics [Fun65].  

Based on this finding, Eq. (2.6) can be derived to decompose the 

measured LW mode signals in terms of individual LW modes, that is, S0, 

MC and A0 modes: 
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(2.6) 

 

By monitoring the appearance of mode–converted LW signal 

(LWSMC), the presence of damage can be identified without referring to 

any prior baseline LW signals.  

In the following subsection, the decomposed LW due to the damage 

in the time domain will be transformed into EM spectrum by the fast 

Fourier transform (FFT). The characteristic of the decomposed LW in 

time domain is analyzed in the frequency domain and the change of 

frequency domain is analyzed according to the length of time domain 
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data. Specially, the correlation analysis of the decomposed LWSMC and 

converted LWSMC is a subject of major concern because the signal 

represents the damage.  

 

2.4 Decomposition of Lamb Wave Mode Signals converging to 

the Steady–State Dynamic Response  

  

In this subsection, the signal–decomposition technique of using EM 

signal is suggested. The following algebraic equation can be derived 

from the signal–decomposition technique as mentioned in section 2.3 

and the temporal spectrum which shows the correlation between 

transient LW and steady–state signal such as impedance in section 2.2 

It is well known that the modal dynamic responses of a structure are 

reflected on the EM signals measured by a PZT wafer [Par03]. More 

specifically, EMSij represents an EM signal being a frequency response 

function at the i'th sensing PZT when an input driving voltage  is 

applied to the j'th PZT wafer as follows:   

 

)]([/)]([)( tt ILWSEMS ijij   (2.7) 

 

where [] stands for Fourier transform operator, LWSij is the LW 

mode signal at the i'th PZT corresponding to an input at the j'th PZT, 

and is the angular frequency. 

From Eq. (2.6) and Eq. (2.7), the decomposed EM signals 

corresponding to each LW mode can be obtained: 
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 (2.8) 

 

Both signal–decomposition techniques through the Eq.(2.6) algebraic 

using transient LW in time domain and the Eq.(2.8) algebraic using 

steady–state signal such as impedance are very useful method to 

diagnosis damage without the need for baseline signal. Especially, both 

LWSMC and EMSMC are the one of most notable in decomposed signals. 

Therefore, additional signal analysis for mode–convered signal is 

conducted to investigate the characteristics of mode–converted signal 

and effectiveness of signal deconposition using the EMS. The signal 

analysis for mode–converted signal is divided into two cases which are 

excited as a harmonic and tone burst input on the PZT. Detailed 

process is provided in the following subsection. 

 

2.4.1 Temporal spectrum of Mode–converted Signal by the 

Harmonic Input on the PZT.  

In this subsection, temporal spectrum is conducted to investigate the 

characteristics of mode–converted signal when the harmonic input is 

applied to the collocated PZT wafers. Detailed dimension and geometry 

for the signal analysis are provided in Figs. 2.5. The implicit analysis of 

ABAQUS 6.7–4 on IBM p595 at KISTI Supercomputing Center [Kis10] 

was used as an analytical tool to analyze the transient LW signal. The 

Fig. 2.9(a) and (b) show intact and damaged cantilever beams which 
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are excited by the collocated PZTs. Because the attached PZT wafers 

on the two beams can act as an actuator, the free surface of each 

collocated PZT wafer gets connected to a harmonic voltage source 

(Vin) with an unit amplitude and their 11th natural frequencies, 15.4 kHz 

and 15.1 kHz, respectively. The other surface of each PZT wafer is 

tied to a sensing circuit consisting of a single capacitor (Cr = 3nF) at 

the same time and the output voltage (Vout) is measured at the sensing 

circuit as shown in Fig 2.9(a) and 2.9(b). 

PZT A Base beam PZT B
PZT A Base beam PZT B

 

PZT A Base beam 
PZT B

Notch
PZT A Base beam 
PZT B

Notch

 

(a) An intact cantilever beam 
with collocated PZT wafers  

(b) A damaged cantilever beam 
with collocated PZT wafers  
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(c) LW mode signals measured 
from the intact cantilever beam

(d) LW mode signals measured 
from the damaged cantilever 
beam 
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(e) Decomposed LW mode 
signals of the intact cantilever 
beam 

(f) Decomposed LW mode signals 
of the damaged cantilever beam 

Fig. 2.9.  Decomposition of the LW mode signals measured from the 
intact and damaged conditions when harmonic inputs are applied. 
 

The LW mode signals measured from the intact and damaged beam 

conditions are presented in Fig. 2.9(c) and 2.9(d), respectively. The 

LW mode signals obtained by the collocated PZT wafers may be 

composed of either one or two components whether a single or two 

PZTs are used for LW excitation and sensing. The piezoelectric 

component induced by the coupling between the PZT wafers 

represents the dynamic response of the cantilever beam, and this 

component is always present. The second dielectric component induced 

by the driving input voltage source directly flowing into the actuating 

PZT wafer appears only when a single PZT is used for simultaneous 

excitation and sensing. In this regard, LWSAA and LWSBB contain both 

piezoelectric and dielectric components while LWSAB contains the 

piezoelectric component only. The piezoelectric component in LWSAA 

and LWSBB is often masked by the large magnitude of the dielectric 

component and thus is not clearly observed in Figs 2.9(c) and (d). On 

the other hand, the piezoelectric component is clearly observed in 

LWSAB displaying the resonant characteristics of the beam.  

LWSS0, LWS A0 and LWSMC decomposed from LWSAA, LWSBB and 

LWSAB by using Eq.(2.6) are shown in Fig. 2.9(e) and 2.9(f), 

respectively. Here, LWSS0 (or LWSA0) contains the piezoelectric 

component associated with S0 (or A0) as well as the half of the 
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dielectric component in LWSAA(or LWSBB). On the other hand, only the 

piezoelectric response exists within LWSMC. Note that LWSMC in Fig. 

2.9(e) is a null signal because no mode conversion occurs in the intact 

cantilever beam. On the other hand, LWSMC in Fig. 2.9(f) is observed 

clearly due to the mode conversion in the damaged beam.  

  As shown in section 2.2, decomposed LWS MC in Fig. 2.9(f) is only 

extracted for temporal spectrum between transient and stead state and 

the results are presented in Fig. 2.10. 
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(a) Time windows for truncating 
the LWSMC up to t = T8 for 
computing the temporal 
spectrums when harmonic input 
signals are imposed on the PZT. 
(T1~T8 = 0.032 ~4.096 msec). 

(b) Time windows for truncating 
the LWSMC up to T4 for computing 
the temporal spectrums when 
harmonic input signals are imposed 
on the PZT. Here, T1=0.032msec 
and T4=0.256msec. 
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(c) Time windows for truncating 
the LWSMC up from T5 to T8 for 
computing the temporal 
spectrums when harmonic input 

(d) The RMS values of the 
temporal spectrums in Figs. 7(b) 
and (c). 
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signals are imposed on the PZT. 
Here, T5= 0.512msec and T8= 
4.096msec. 

Fig. 2.10 Temporal spectrums of LWSMC truncated by different time 
windows and RMS values when harmonic input signal is imposed. 

 

In Fig. 2.10(a), LWSMC up to 4.096 msec is truncated by time 

windows with increasing sizes. Here, the time intervals and the sizes of 

the time windows are identical to those in Subsection 2.2. The 

temporal spectrums of LWSMC truncated by the time windows are 

calculated through FFT and presented in Fig. 2.10(b) and (c). Not that, 

the peaks of the temporal spectrums begin to appear in Fig. 2.10(b) 

and then one peak surges up near the resonance frequency (f = 

15.1kHz) in Fig. 2.10(c) as the time window size increases. The peak 

amplitude of the temporal spectrum is proportional to the size of the 

time window in Fig. 2.10(c). This implies that the mode–converted LW 

signals due to damage become resonant at the natural frequency of the 

cantilever beam. Fig. 2.10(d) demonstrates the root mean square 

(RMS) values of the temporal spectrums with respect to the time 

window size. The corresponding formula for a continuous function to 

calculate the RMS is defined as follows Fig. (2.11) and Eq. (2.9) 
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Where, )( fX  and if  represent a continuous function and frequency.  
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 Fig 2.11 Calculation of the RMS from a continuous function.  

 

The RMS values are computed by numerically integrating the 

temporal spectrums from 6kHz to 24kHz (60% bandwidth of the driving 

frequency 15.1kHz). Beginning from T5 (=0.512msec) the RMS values 

of the temporal spectrums begin to increase rapidly. The signal to 

noise ratio (S/N ratio) associated with the mode–converted LW signal 

is improved through the resonance behavior of a structure.  

 

2.4.2 Temporal Spectrum of Mode–Converted Signal by the 

Tone Burst Input on the PZT.  

As in Subsection 2.2, 10kHz tone burst input signal is applied and 

then LW signals are generated and received by a pair of PZT wafers on 

an intact and damaged cantilever beams in Figs. 2.12(a) and (b). LW 

signals for the three combinations of sensing and actuating PZTs are 

shown in Figs. 2.12(a) and (b). 
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(a) LW mode signals measured 
from the intact cantilever beam

(b) LW mode signals measured 
from the damaged cantilever 
beam 
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(c) Decomposed LW mode 
signals of the intact cantilever 
beam 

(d) Decomposed LW mode signals 
of the damaged cantilever beam 

Fig. 2.12.  Decomposition of the LW mode signals when tone burst 
input with 10kHz center frequency are applied. 

 

Then these LW signals are decomposed into S0, A0 and MC modes 

through signal–decomposition in Eq.(2.6) as shown in Figs. 2.12(c) and 

2.12(d), respectively.  For the intact cantilever beam, the mode–

converted LW signal is null because there is no source of mode 

conversion. In case of the damaged beam, it appears clearly because 

damage on the beam causes the mode conversion. Thus, the existence 

of damage can be confirmed without referring to prior baseline 

information. 
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(a) Time windows for truncating 
LWSMC up to t = T4 for 
computing temporal spectrums 
when 10kHz tone burst input 
signals are imposed on the PZT. 
(T1 ~ T4 = 0.230 ~ 1.843 
msec). 

(b) Temporal spectrums in the 
frequency domain with respect to 
different time window sizes in Fig. 
2.10 (a). 
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(c) Temporal spectrums in the 
frequency domain with respect 
to different time window sizes in 
Fig. 2.10 (a). 

(d) Temporal spectrums in the 
frequency domain with respect to 
different time window sizes in Fig. 
2.10(c). 

Fig. 2.13 Temporal spectrums of LWSMC when 10kHz tone burst 
input signal is imposed.  
 

In Fig. 2.13(a) and 2.13(c), LWSMC up to 2.0 msec and 30msec are 

truncated by time windows with increasing sizes. Here, the time 

intervals and sizes of time windows are identical to those in Subsection 

2.2. The temporal spectrums of LWSMC truncated by the time windows 

are computed through FFT and presented in Figs. 2.13(b) and 2.13(d). 
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When the time window size is very small, e.g. T2(=0.461 msec), the 

peak of the temporal spectrum appears at the input driving frequency 

(=10kHz). As the time window sizes increase, several peaks begin to 

appear at different frequencies and their amplitudes increase in Fig. 

2.13(b). When the time windows size become large enough, the peaks 

surge up and converge to the natural frequencies from the 6th to 11th  

mode of the cantilever beam in Fig. 2.13(d). Similar to the harmonic 

input excitation in Subsection 2.3.1, the mode–converted LW signals 

due to damage become resonant when a tone burst input excitation 

takes place.  

The RMS values of the temporal spectrums with respect to time 

window size are demonstrated in Fig. 2.14. As the time window sizes 

increase, individual and total RMS values increase monotonically 

increase in Fig. 2.14(a) and 2.14(b). This implies that the S/N ratio 

associated with the mode–converted LW signal due to damage is 

improved through the resonance behavior of a structure regardless of 

the modal characteristics of the structure  
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(a) The RMS values of the 
temporal spectrums associated 
with individual modes. 

(b) The total RMS values of the 
temporal spectrums associated 
with overall mode. 

Fig. 2.14 RMS values when tone burst input signal is imposed on the top
PZT of a cantilever beam.  
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Fig. 2.15 Determination of time window size through the comparing
mode in the modal and temporal spectrum analysis. 

 

When the 10kHz Tone burst input is excited on the PZT wafer, Fig. 

2.15 shows the comparing modes from 6th to 11th through temporal 

spectrum and modal analysis. In the initial time window size T1 and T2, 

the temporal spectrum have a single mode related on 10kHz input 

frequency range and each modes does not appear. As time window size 

is increased from T3 to T8, each modes of temporal spectrum is going 

to close the modes by modal analysis as shown Fig. 2.13(b) and 

2.13(d) because modal characteristic of the horst structure is 

considered. Therefore, it is possible that we determine a proper time 

window size for effective damage detection. 

Similarly, the temporal spectrum will be shown on the following Fig. 

2.16 when the input voltage signal is excited as tone burst type with 

100kHz center frequency. The analysis model to get the LWSMC is 

equal to the Fig 2.9(a) and (b).  
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(a) Time windows for truncating 
LWSMC up to t = T4 for 
computing temporal spectrums 
when 100 kHz tone burst input 
signals are imposed on the PZT. 
(T1 ~ T4 = 0.230 ~ 1.843 msec). 

(b) Temporal spectrums in the 
frequency domain with respect to 
different time window sizes in Fig. 
2.16 (a).  
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(c) Time windows for truncating 
LWSMC up to t = T8 for 
computing temporal spectrums 
when 100kHz tone burst input 
signals are imposed.(T5 ~ T8 = 
3.686 ~ 29.491 msec). 

(d) Temporal spectrums in the 
frequency domain with respect to 
different time window sizes in Fig. 
2.16(c). 

Fig. 2.16 Temporal spectrums of LWSMC truncated by different time 
windows when 100kHz tone burst input signal is imposed.   
 

Because the excitation input is applied to tone burst type with 100kHz 

center frequency, Time scale of the LWSMC in the Fig. 2.16 (a) and (c) 

and the frequency scale of temporal spectrum in Fig. 2.16(b) and (d) 

are different as Fig. 2.13. But, the other conditions and results are the 

same.  
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(a) The RMS values of the 
temporal spectrums associated 
with individual modes 

(b) The total RMS values of the 
temporal spectrums associated 
with overall mode. 

Fig. 2.17 RMS values when 100kHz tone burst input signal is imposed. 
 

  The RMS values by the 100kHz tone burst input will be shown in the 

Fig. 2.17. In the Fig. 2.16(d), the many resonance frequency is 

generated when the 100kHz tone burst is excited. The RMS values of 

some selected mode are presented in the Fig 2.17(a) and the total 

RMS value as shown Fig. 2.17(b) is calculated by numerically 

integrating the temporal spectrums from 40kHz ~ 160kHz (60% 

bandwidth of the driving frequency 100kHz). 

To the authors’best knowledge, this is the first study that 

decomposes the mode–converted LWS(LWSMC) from the modal 

harmonic motions of the structure and explicitly investigates its 

resonance characteristics. The steady–state signal such as impedance 

signal could be obtained through the superposition that sufficient time 

has been passed in the time domain analysis using the transient LW as 

the mode shape in Fig. 2.5.   
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2.4.3 Summary.  

So far, some important implications drawn from these observations 

are summarized as follows: (i)We know that the LW and EM signals 

are not a separate signal through the temporal spectrum which is very 

important meaning to understand EM signal. The EM signal can be 

obtained from LW signal with enough time length to make the 

resonance of host structure. (ii)The presence of damage can be 

identified without referring to any baseline signals through Eq. (2.8) 

even after LW signals have converted to the steady–state response of 

a structure. (ⅲ)The one of important view in signal–decomposition by 

harmonic and tone burst input is increasing the mode–converted (MC) 

signal according to the time. Of course, it is not important that the 

signal can have a periodic or may not have. (ⅳ) The damage detection 

using temporal spectrum or EM signal can be improved particularly in 

case of an incipient damage because the magnitude of mode–converted 

LWS(LWSMC) shall be amplified through the resonance of the structure. 

(ⅴ) As the temporal spectrum is close to the EM signal, the RMS 

values are a gradual increase. Therefore, temporal spectrum or EM 

signal in the frequency domain is much better effect than the LW signal 

in damage detection when damage is identified to the damage signal 

such as mode–converted signal.   

In the following section 3, the numerical modeling and analysis 

techniques for damage detection using EM signal will be proposed. 
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Chapter 3 

Spectral Element Formulation for EM Interaction 
between PZT and Structure 

 

3. 1 Equation of Motion 

 

In the previous chapter, we show that the EMSMC is very useful 

signal to identify a notch like damage. This chapter will propose a 

numerical full modeling technique using spectral element for more 

effective calculation of the EMSMC.  

Before the proposed spectral element formulation to compute the EM 

signal, the equations of motion need to formulate about a spectral 

element models. Fig. 3.1 shows the schematic application range and 

shape of each spectral element models in arbitrary analysis model like 

as plate.  Fig. 3.1(a) is simply base beam element. Fig 3.1(b) and 

3.1(c) illustrate a coupled PZT wafer and beam system (CPBS) in 

which PZT wafers are rigidly bonded on a base beam. The PZT wafers 

on the base beam can alternate the functionality of being an actuator 

and a sensor. Two types of a CPBS widely adopted in structural health 

monitoring applications are considered [Rag07, Par03, Kim07]. One is a 

CPBS with a single PZT wafer in Fig. 3.1(b) and the other with 

collocated PZT wafers in Fig. 3.1(c). Two dimensional plane stress or 

strain condition is assumed for the CPBS in Fig. 3.1. The longitudinal 

and flexural behaviors of the base beam are approximated through the 

Mindlin–Herrmann theory and the Timoshenko beam theory,
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respectively. The axial deformation and lateral contraction occurring 

normal to the neural axis of the base beam are considered in the 

Mindlin–Herrmann theory while the rotational inertia effect and shear 

deformation are represented in the Timoshenko beam theory [Fun65].  
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(b) a CPBS with a single PZT wafer. 
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(c) a CPBS with collocated PZT wafers. 
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Fig. 3.1. Schematic illustration of a coupled PZT and beam system 
(CPBS)  
 

The PZT wafers bonded on the base beam in Fig. 3.1 are relatively 

thin compared to the base beam and the higher–order mechanical 

behaviors in the base beam are assumed to be negligible in the PZT 

wafer. In this regard, the longitudinal and flexural behaviors in the PZT 

wafer are represented by the elementary rod theory and the Euler–

Bernoulli beam theory, respectively [Lee00]. The EM behaviors of the 

PZT wafer are assumed to follow one dimensional linear 

piezoelectricity [Ike90].  Because the equations of motion for a single 

base beam have been previously formulated [Kra06, Kra03], this 

section focuses on deriving the equations of motion for the CPBS in Fig. 

3.1. The corresponding spectral element formulation for the CPBS will 

be presented in Section 3.2 

 

3.1.1 Kinematic and Constitutive Assumptions of a CPBS 

The displacement field u and v in the domain of the base beam in 

Fig. 3.1 is defined by the following equations based upon the 

Timoshenko beam theory and the Mindlin–Herrmann theory [Roy03]: 

),(),(),,( txytxutyxu bb   

),(),(),,( txytxvtyxv bb   

(
22
bb h

y
h

 ) 
(3.1)

 

where ub, b, vb, b and hb represent horizontal displacement, lateral 

contraction rate, vertical displacement, rotational angle on the neutral 
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axis of the base beam, and the thickness of the base beam, 

respectively.  

The displacement field in the domain of the PZT wafer in Fig. 

3.1(b) and (c) is defined as follows using the Euler–Bernoulli beam 

theory and the elementary rod theory: 

),()(),(),,( txHytxutyxu pp   

),(),,( txvtyxv p  

( p
bb h

h
y

h


22
) 

(3.2a)

),()(),(),,( txHytxutyxu
pp   

),(),,( txvtyxv p  

(
22
b

p
b h

yh
h

 ) 
(3.2b)

 

where up, p , p  and hp denote horizontal displacement, vertical 

displacement, rotational angle on the neutral axis of the PZT wafer and 

the thickness of the PZT wafer, respectively while H=(Hb+Hp)/2. 

Furthermore, the over– and under– bars of each variable indicate the 

PZT wafers mounted on the top and bottom of the base beam, 

respectively. Note that dxvd pp /  and dxvd pp
/  based upon the 

Euler–Bernoulli beam theory. For simplicity, t in filed variables will be 

omitted unless otherwise mentioned.  

Assuming that the PZT wafers are perfectly bonded on the base 

beam in Fig. 3.1(b) and (c), the compatibility condition is imposed on 

interfaces between the base beam and the PZT wafers as follows:  

),(),(
22
bb h

xu
h

xu    (3.3a)
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Substituting Eqs. (3.1) and (3.2) into Eq. (3.3), it can be shown 

that the response variables on the neutral axis of the PZT wafers can 

be represented with those of the base beam [Lim08]: 
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(3.4a)
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(3.4b)

 

where () denotes a derivative operator with respective to x.  

Because the 3–1 type single sheet PZT wafer is employed in this 

study, the EM behavior of the PZT wafer is defined based upon one–

dimensional linear piezoelectricity [Lee00]: 
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where ,,,,,, 313311 hBEC SD  and D denote the normal stress, the normal 

strain, the elastic modulus, the electric field, the dielectric constant, the 

piezoelectric constant and the electric displacement of the PZT wafer, 

respectively [Ike90]. The superscript D and S on DC11  and SB33  indicate 

that the corresponding constants are measured under zero electric 

displacement and zero strain, respectively. For simplicity, x will be 

omitted unless otherwise mentioned hereafter.  

Note that the EM properties of the collocated PZT wafers in Fig. 

3.1(c) are identical if the polarization directions of the collocated 

wafers are same.  If the polarization directions of the PZT wafers are 

opposite, then the piezoelectric constants will have same absolute 

values with opposite signs [Kim07].  

SSS

DDD
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CCC

333333

111111
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(3.6)
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3131
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hh
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(same polarization directions) 

(opposite polarization directions) 

 

3.1.2 Deriving the Equations of Motion of a CPBS through the 

Hamilton’s Principle 

In this subsection, the equations of motion are derived for the 

CPBS with the collocated PZT wafers in Fig. 3.1(c).  Note that the 
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equations of motion in this case can be reduced back to the CPBS with 

a single PZT wafer in Fig. 3.1(b) by simply eliminating the terms 

associated with the bottom PZT wafer of the CPBS in Fig. 3.1(c).  

Using Eqs. (3.1), (3.2) and (3.5), the linear strain–displacement 

relations and the Hooke’s law of an elastic continuum [Fun65], the 

strain energy (U ) of the CPBS is formulated as follows [Lee00]. 
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 (3.7)

 

where L, Eb, Ib and Ab represent the length of the CPBS, the elastic 

modulus, the second moment of the inertia and the area of the base 

beam, respectively. Furthermore, Ip and Ap denote the second moment 

of the inertia and the area of the PZT wafer, respectively, while b and 

b are Lame constants of the base beam. 1K  and 1  are control 

parameters employed in the Timoshenko beam theory and the Mindlin–

Herrmann rod theory, respectively [Doy97, Fun65]. It is noted that the 

elastic module Eb, b and 
DC11  in Eq. (3.7) should be appropriately 

modified depending on whether a given problem is under the plane 

stress or plane strain condition.　 

Similar to Eq. (3.7), the kinetic energy (T ) of the CPBS is derived 
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as: 
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where b and p denote the density of the base beam and the PZT wafer, 

respectively while 2K  and 2  are control parameters used in the 

Timoshenko beam theory and the Mindlin–Herrmann rod theory, 

respectively [Doy97, Fun65]. The dot on field variables denotes a 

derivative operator with respect to time.  

The potential energy () of the CPBS is obtained as follows: 

L
bbbb

pbbvbbu
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MVvQFu
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 (3.9)

 

where qu, q, qv and q are the axial force, the contraction force, the 

shear force and the rotational moment per unit length imposed on the 

neutral axis of the base beam, respectively. wp, , F, Q, V and M denote 

the width of the PZT wafer, the voltage applied to the PZT wafer, the 

axial force, the contraction force, the shear force and the rotational 

moment at the both ends of the base beam on the neutral axis.  

Once the strain, kinetic and strain energies of the CPBS are 

formulated, the Hamilton’s principle is used to derive the equations of 
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motion [Fun65]: 
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Substituting Eqs. (3.7)-(3.9) into Eq. (3.10), the governing 

equations and the force boundary conditions are represented in terms 

of the variations of the response variables. Due to the space limitation, 

detailed mathematical manipulation is omitted. 

 

- Governing equations (0 < x < L and t > 0) 
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where Eqs. (3.11a)-(3.11f) are associated with the variations of field 

variables ub, b, vb, b , D  and D . 

- Force boundary conditions (x = [0 or L] and t > 0) 
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where Eqs. (3.12a)-(3.12e) are associated with the variations of field 

variables ub, b, vb, b, b   and bv . 

Substituting pu  and phE /  into Eq. (3.5), the electric 

displacement D and its derivatives are represented with respect to the 

axial displacement (up) on the neutral axis and the voltage () of the 

PZT wafer: 
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Note that the distribution of voltage across each PZT wafer is assumed 

to be uniform, and its spatial derivatives become zero in Eq. (3.13). 

Substituting Eq. (3.13) into Eq. (3.11), six governing equations in 

Eq. (3.11) can be reduced to four equations with respect to ub, b, vb 

and b because Eqs. (3.11e) and (3.11f) are equivalent to Eq. (3.13a) 

and (3.13b), respectively.    

- Governing equations (0 < x < L and t > 0) 
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Where, SDSD
p BhCBhCE 33

2
311133

2
3111 //  . 

In a similar fashion, substituting Eq. (3.12) into Eq. (3.11) yields 

the following force boundary conditions: 

- Force boundary conditions (x = [0 or L] and t > 0) 
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Where, )/( S
pBEhd 333131   and )/( S

pBEhd 333131  . 

The voltage terms in Eq. (3.15a), (3.15d), (3.15e) and (3.15f) can 

be either known or unknown depending on whether each PZT wafer 
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plays a role of an actuator or a sensor. When the PZT wafer acts as an 

actuator, voltage  becomes known a priori because the driving voltage 

is prescribed on the PZT wafer by an external voltage source. Then, 

the terms associated with voltage in Eq. (3.15) are shifted to the right 

hand side and become fixed end forces and moment accordingly.  

On the other hand, when the PZT wafer acts as a sensor, the 

voltage is unknown and an additional constraint is needed to solve the 

equations of motion. In general, the amount of current passing through 

the sensing PZT wafer is negligible because a data acquisition circuit 

connected to the PZT wafer has very large electric impedance. In this 

case, the total amount of free charge on the PZT wafer can be assumed 

to be zero [Ike90, Lim08]:  

0
0


L

pp Ddxhw  (3.16)

 

Substituting Eq. (3.13) into Eq. (3.16), voltages become a function 

of the axial displacements at both ends of the PZT wafers along the 

neutral axis: 

)]()([ 031
pp

p uLu
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hh
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hh
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Substituting Eq. (3.17) into Eq. (3.15), the force boundary 

conditions can be formulated when the PZT wafers act as sensors. 
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3.2 Spectral Element Formulation 
 

After the equations of motion are obtained through Hamilton ’ s 

principle, governing equations and force boundary conditions are 

represented with respect to the response variables of the base beam in 

the time domain as the Eq(3.14) and Eq(3.15). Next, the overall 

procedures for spectral element formulation of the CPBS are illustrated 

as Fig. 3.2. The stiffness element matrix and nodal force vector are 

obtained through the procedures in Fig. 3.2, and the nodal displacement 

vectors of the CPBS are calculated in the frequency domain [Par10]. 

 

Fig. 3.2 Procedures for spectral element formulation [Lee00]. 
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3.2.1. Spectral Representation of Response Variables 

In Section 3.1, the governing equations in Eq. (3.14) and the force 

boundary conditions in Eq. (3.15) are represented as a function of the 

response variables of the base beam on the neutral axis. For spectral 

element formation of the CPBS, these governing equations and force 

boundary conditions should be transformed into the frequency domain.  

As the first step, the response variables defined on the neutral axis of 

the base beam are represented in spectral forms: 


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where û , ̂ , v̂  and ̂  are the Fourier coefficients associated with 

response variables ub, b, vb and b, in the time domain at the nth angular 

frequency n. The general solution forms of the Fourier coefficients in 

Eq. (3.18) are represented as follows: 
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where k denotes a wave number corresponding to , and u0, 0, v0 and 

0 are the amplitudes of the Fourier coefficients in the spatial domain. 
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3.2.2 Characteristic Equations and a Shape Function Matrix for 

a Spectral Element 

Substituting Eq. (3.4) and (3.18) into Eq. (3.14), The governing 

equations in Eq. (3.14) are expressed with respect to u0, 0, v0 and 0:  

0Cu 0  (3.20)

 

where u0=(u0, 0, v0, 0)
T and each component in matrix C is presented 

in Appendix (A1). Note that all components coupled between u0, 0 and 

v0, 0 in C are zeros for the CPBS with collocated PZT wafers in 

Appendix (A1). From a mechanical point of view, this is because the 

neutral axis of the CPBS is identical to that of the base beam. For the 

CPBS with a single PZT wafer, the neutral axis of the CPBS does not 

coincide with that of the base beam and the aforementioned coupled 

components in C have non–zero values.  

For the CPBS with a single PZT wafer, the characteristic equation 

of Eq. (3.20) is det[cij]=0 (1  i, j  4) so that u0, 0, v0 and 0 are non–

zeros. In case of the CPBS with collocated PZT wafers, two 

independent characteristic equations are derived using the partitioned 

sub–matrices of C in Appendix (A1) because u0 and 0 are independent 

of v0 and 0 in Eq. (3.20). One is det[cij]=0 (1  i, j  2) so that u0, 0 

have non–zero values in Eq. (3.20). The other is det[cij]=0 (3  i, j  

4) so that v0, 0  are non–trivial solutions. 

The above characteristic equations result in high–order polynomial 

equations with respect to k, and they consist of only even order terms 

of k. Because no closed form solution exists for these high–order 
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polynomial equations, the companion matrix method is employed to 

numerically calculate the roots of the characteristic equations [Cha05]. 

Once all roots of the characteristic equation are obtained, the 

corresponding eigenvectors in Eq. (3.20) are calculated for each root k.  

Substituting the roots k’s and the corresponding eigenvectors into 

Eq. (3.19), the Fourier coefficients in Eq. (3.18) are expressed as:     

A)(Φˆ ˆ xu un   

(3.21)

A)(Φˆ ˆ xn    

A)(Φˆ ˆ xn    

A)(Φˆ
ˆ xn 

   

 

where )(Φ ˆ xu , )(Φ ˆ x , )(Φ ˆ x , )(Φ ˆ x  and A denote spatial shape 

function vectors for nû , n̂ , n̂ , n̂  and an unknown coefficient vector, 

respectively. The components of the unknown coefficient vector A are 

determined by force boundary conditions. 

Fig. 3.1 illustrates a two node spectral element for the CPBS. The 

displacement vector and the force vector consist of the nodal response 

variables and the nodal forces, respectively, in the frequency domain. 

By applying Eq. (3.21) to the both ends of the beam, the following 

equation, which relates the nodal displacements into the unknown 

coefficient vector A in Eq. (3.21), is obtained:  

A)(H)}(ˆ),(ˆ),(ˆ),(ˆ),(ˆ),(ˆ),(ˆ),(ˆ{d   TLLvLLuvu 0000  (3.22)
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where d, H() and A are the displacement vector, the shape function 

matrix and the coefficient vector of the two node spectral element. 

Each component in H() and A is expressed in Appendix (A2). 

Substituting Eq. (3.22) into Eq. (3.15), the nodal forces of the two 

node spectral element in Fig. 3.1 are obtained by applying Eq. (3.15) at 

the both ends of the beam: 

 FA)(GF   (3.23)

 

Where, F, F and G() are the nodal force vector, the fixed force 

vector induced by electric voltages on PZT wafers and the force 

boundary condition matrix. Each component of F and F is expressed in 

Appendix (A3). Note that the fixed force vector F changes depending 

on the functionality of the PZT wafer [Lim08]. By the same token, the 

constraint matrix G() in Eq. (3.23) varies depending on the role of 

the PZT wafer, and each component of G() is provided in Appendix 

(A4). If one of the PZT wafers act as a sensor and the other act as an 

actuator, each individual components of F and G() in Eq. (3.23) can 

be obtained similar to those in Appendix (A4) but is not presented 

here due to space limitation. 

 

3.2.3. Dynamic Stiffness Matrix and Admittance 

Because H() in Eq. (3.22) is not a square matrix with the size of 

8 m (m>8), a stiffness matrix relating the nodal displacement vector 

to the  nodal force vector cannot be derived by directly substituting Eq. 

(3.22) into Eq. (3.23). To tackle this issue, a condensation technique is 
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employed. First, F is moved to the left hand side of Eq. (3.23), and the 

vector in the left hand side is simply divided into two subvectors as 

follows: 

A)(GFF][ υ T
21   (3.24)

 

where and  are 81 and (m–8)1 column vectors, respectively. 

Similarly, the coefficient vector A is divided into two subvectors: 

T][A 21   (3.25)

 

where T
m

T aaaaa ),,(,),,,(  928211   .  

Using Eqs. (3.22) and (3.25), the following equation is derived as: 
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where 0 and I denote (m–8)8 zero matrix and (m–8)(m–8) identity 

matrix, respectively. 

Substituting Eq. (3.26) into Eq. (3.24), Eq. (3.24) is expressed as 

the following equation: 
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Where, )(H
~

)(G)(K
~  1 , and it can be further divided in to four sub–

matrices depending on their correspondence to d and : 
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Sorting out Eq. (3.29) with respect to d, the direct stiffness matrix 

S() of the CPBS for spectral analysis is derived as: 

fd)(S   (3.30)

 

Where, dddd K
~

K
~

K
~

K
~

)(S 
1  and 2

1
1  

 K
~

K
~

f d . 

Using the result of Eq. (3.30), the EM admittance(Y ) on the PZT wafer is 

derived as :  

S
ppp BhluluhiVIY 3331 0 /}/)]()([{)(/)()(    

(3.31)

 

where , I, V, h31, up, l, hp and SB33  denote the angular frequency, current, 

voltage, the piezoelectric constant of the PZT wafer, horizontal 

displacement on the neutral axis, the length of the PZT, the thickness of 

the PZT wafer and the dielectric constant the superscript S on SB33   

indicate that the corresponding constants are measured under zero 

strain.  

 

3.3 Damage Spectral Element 

 

Configuration of the spectral element with transverse crack and the 

element–internal discretization are shown in Fig. 3.3 
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(a) The configuration of spectral element with transverse crack 
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2V
2Q

2M
2N

5v̂ 5̂

5̂ 5û
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(b) Internal discretization of notch element through the five–
sublaminates. 

Fig. 3.3 Schematic model of the transverse crack configuration. 
 

If the damage such as crack does not occurs in the plate–like structure, 

the arbitrary spectral element (2–node element) as shown Fig. 3.3(a) 

is the same as the single beam element(the Fig. 3.1(a)) that is able to 

capture the exact dynamics of the flexure and shear. When the 

transverse crack is considered as Fig. 3.3(a), it requires explicit 
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definition by three additional parameters. These three parameters are 

(1) the half element length of the transverse crack (x = L1 + ΔL/2 as 

shown in Fig. 3.3(a) and ΔL is imposed in terms of the smallest group 

wavelength), (2) the depth of the crack (d)， (3) the thickness of the 

bottom crack–tip (z= H-d, H is total element depth). We assume that 

the transverse crack is a through–width crack (along the y direction) 

which allows the modeling to be accomplished using one–dimensional 

waveguides. The element–internal discretization as shown in Fig. 

3.3(b) produces five–internal waveguides numbered ① to ⑤. For all 

these elements， a point nodes of total ten will appear in the 

formulation， and the dofs associated with them will be condensed out 

systematically. As a result， a simple two–node notch element can be 

used to model the transverse crack， where faster and repeated 

analysis with acceptable accuracy will be of prime importance for 

damage identification studies and various SHM applications in 

conjunction with a wave–based diagnostic signal. Since the main 

objective behind using such a model is to improve upon the various 

available approximate models based on equivalent flexibility， 

empirical crack–functions etc., it is essential to use the element–

internal discretization technique [Gop07]. 

 

3. 4 Experimental and Numerical Analysis Studies 

  

In this subsection, verification of proposed spectral element analysis 

with a coupled PZT and beam system (CPBS) is investigated through 
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two case studies about admittance and displacement. The PZT wafers 

of PSI–5A4E type [Pie09] are rigidly bonded on a base beam. Also, 

their length and thickness are 10mm and 0.507mm, respectively. The 

PZT wafers are assumed to be short–circuited. The base beam 

(198mm  3mm) is made of aluminum that the elastic modulus and 

Poisson ratio are 70GPa and 0.33, respectively. The length between fix 

end and PZT is using the 53mm because the actual length is considered 

a reduced length of 2mm by welding at the fix end. Also, the sensing 

circuit as shown in Fig. 2.7 is usted to measure the output Voltage for 

cumputing admittance or impednace signal. The structural damping of 

base bema is assumed to be 0.5%.  

Because the analytic solution of this example is unavailable, the a 

two dimensional finite element method (2–D FEM) or a three 

dimensional finite element method (3–D FEM) will be performed to 

obtain an asymptotical reference solution through the Steady–state 

Dynamic Analysis, Direct of ABAQUS 6.7–4 on IBM p595 at KISTI 

Supercomputing Center [KIS03]. 

 

3.4.1 Case Ⅰ: Admittance Comparison of Intact Model with 

Single PZT 

In this example, the EM admittance of a PZT wafer bonded on a 

cantilever beam is computed a frequency range of up to 30kHz. As 

shown in Fig. 3.4, the cantilever beam with a surface–bonded PZT 

wafer is forced to be in steady–state motion by exerting the harmonic 

driving voltage signal with amplitude of 1 volt on the PZT wafer.  



Chapter 3 Spectral Element Formulation for EM Interaction between PZT and Structure   71 

 
 
 

 

임피던스
분석기

실험모델

(a) Experimental setup 
PZT 회로PZT 회로

기저보기저보

용접이음부용접이음부

 

1053

PZT

135

0.507

Base beam

198

3

Unit: mm

1053

PZT

135

0.507

Base beam

198

3

Unit: mm

(b) Numerical model 

Fig. 3.4 Experimental and numerical models for the EM admittance of 
a PZT wafer bonded on a cantilever beam 
 

 

For discretizing the model in Fig. 3.4, two single beam spectral 

elements and one CPBS spectral element with a single PZT wafer are 

used in the proposed method. In the 2D FE analysis, 10 8–node 

quadratic plane stress PZT elements (size: 0.5mm0.508mm per each 

element) and 594 8–node quadratic plane stress solid elements (size: 

1.0mm1.0mm per each element) are employed for discretizing the 

PZT wafer and the base beam, respectively. 100 8–node quadratic 

plane stress PZT elements (size: 0.5mm0.508mm per each element) 

and 5940 8–node quadratic plane stress solid elements (size: 

1.0mm1.0mm per each element) are used in the 3D FE analysis.  

In the experiment for EM admittance of PZT, impedance analyzer 

(HP 4294A) is measured a frequency range of 1kHz to 30kHz by 32Hz 

frequency resolution.  
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Fig. 3.5 Comparison of resonance frequencies between proposed 
method and FEM 
 

Fig. 3.5 represents the comparison of resonance frequencies in the 

EM admittance through the numerical analysis. In Fig. 3.5(a), EM 

admittance curves from proposed method, 2–D FEM and 3–D FEM 

could be obtained when a harmonic voltage input with the amplitude of 

1 volt is exerted on the top of PZT in Fig 3.4(b). The conductance of 

Fig. 3.5(b) is the real part without the effect of the free current in Fig. 

3.5(a) in order to more detailed comparison like as the location and 

size of the resonance peaks. The proposed method compared with the 

FEM show that the location of resonance frequency is well predicted in 

the 0kHz to 30kHZ.  

 The axis on the right hand side of the Fig. 3.6 indicates the 

resonance frequency obtained from 3–D FEM, and the one on the left 

represents the relative errors between the resonance frequencies 

computed from the proposed method and 3–D FEM, 2–D and 3–D FEM. 

The proposed method produces very accurate resonance frequencies 

within 2.0% Maximum error level compared to those from 3–D FEM. 

The first 25 lowest resonance frequencies in the 0kHz to 60kHz are 

extracted by picking up the peaks of the admittance. 
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Fig. 3.6 Relative difference of resonance frequencies between Proposed 
method and FEM up to the 25th mode 

 

On the other hand, the resonance frequencies from 2–D FEM are 

similar to proposed method. Therefore, the trend of relative errors 

between the resonance frequencies computed from the 2–D FEM and 

3–D FEM is almost the same.  

Similar to Fig. 3.5, the comparison of resonance frequencies in the 

EM admittance through experiment and proposed method is shown in 

Fig. 3.7  
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Fig. 3.7 Comparison of the EM admittance from proposed method and 
experiment 
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When a harmonic voltage input with the amplitude of 1 volt is exerted 

on the PZT of the experimental model, impedance analyzer is 

measuring a current signal on the bottom of PZT and the EM 

admittance of the PZT wafer from measured current can be calculated. 

Because the damping of the base beam element is not given correctly 

and the frequency resolution used for data acquisition is relatively low 

in the case of experiment, the difference peak value of the each 

resonance modes has occurred. It is noticeable that the resonance 

frequency of representative dynamic characteristic is well predicted. 

 

3.4.2 Case Ⅱ: Comparison of Mode Shape and Displacement 

FRF of Intact Model with Single PZT 

In this section, the three numerical methods and a laser scanning 

vibrometer are used to obtain the overall dynamic responses of the 

structure such as resonance frequencies, mode shapes, and frequency 

response functions (FRF). These dynamic responses from the laser 

scanning vibrometer are compared to those computed by the spectral 

element (SE) analysis which is proposed method using the CPBS.  
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(a) Experimental setup (b) Numerical model 

Fig. 3.8 An experimental setup and a numerical model for FRF.  
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Also, 2–D and 3–D FEM are conducted to obtain the asymptotic 

solutions for the comparison purpose.  

Fig. 3.8 presents a numerical and experimental model to verify the 

proposed method. The plane stress condition is employed for 

discretizing the PZT wafer and the base beam in the proposed method 

and 2–D FEM. Note that, the plane stress solid element of the 3–D FEM 

is used for the comparison of the mode shape. The laser scanning 

vibrometer (PSV–400–B or PSV) of Polytec GMBH Co. in Germany in 

order to measure the dynamic response in high frequency range is a 

non–contact equipment as shown Fig. 3.8(a). PSV is able to measure 

the velocity and location of specific vibration points until the precision 

of nanometer resolution. In this study, frequency resolution of the PSV 

is 3.125Hz in the range up to 20kHs. Behavior of the entire mode was 

identified as the mode shape and frequency response function of the 

vertical displacement induced by harmonic excitation with the 

amplitude of 1V are obtained at the three points (Ⅰ, Ⅱ, Ⅲ point) in 

Fig. 3.8(b).  

In Fig. 3.10, the mode shape corresponding to resonance frequency 

is shown through the 3–D FEM and experiment. The left side means 

that 11–mode shapes of bending deformation dominant are computed 

from 3–D FEM. The mode shape of the right side can be obtained by 

PSV. It seems that Little difference between the mode shape by the 3–

D FEM and PSV exists as increasing high–order mode at the fixed end 

of the base beam because the scanning of the PSV begin with 1.3cm 

spot depart from fix end. However, if each mode compares the only 
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scanned region, they can be found the overall good agreement. More 

detail analysis of the mode shape deals in Fig. 3.11.  

1st mode1st mode
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Fig. 3.9 Perspective view of mode shapes from 3–D FEM (left side) 
and PSV (right side). 
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Fig. 3.10 Relative difference of the resonance frequencies between 
the numerical analyses [Proposed method, 2–D FEM] and experiment
test [PSV] up to the 11th bending–dominant mode. 

 

Fig. 3.10 shows the relative difference between the resonance 

frequencies obtained from the numerical methods and experiment. 

Here, the numerical methods include the proposed method and 2–D 

FEM. Through three methods, the FRFs of the vertivcal displacements 

at the free end of the base beam are computed. Then, the 1th to 11th 

resonance frequencies are extracted by picking up the peaks of the 

FRFs. The axis on the right hand side of Fig. 3.10 indicates the 

resonance frequency obtained from experiment, and the one on the left 

represents the relative errors between the resonance frequencies 

computed from the proposed method and experiment, 2–D FEM and 

experiment. The proposed method produces very accurate resonance 

frequencies within 2.5% error level compared to those from 

experiment through the PSV. 

For the quantitative comparison of resonant mode shapes more 

than Fig. 3.9, the Fig. 3.11 illustrates that the resonance mode shapes 



Chapter 3 Spectral Element Formulation for EM Interaction between PZT and Structure   79 

 
 
 

 

are extracted along the neutral axis of the top surface on the base 

beam. In the proposed method using spectral element (SE), the 

displacement for the mode shape is extracted by discritized 198–points 

of 1mm interval on the base beam. Mode shape of arbitrary mode can 

be obtained after each displacement values of the 198–points are 

normalized by the maximum value of the steady–state displacement. In 

the case of PSV, the 51–points along the centerline is used to measure 

a displacement in the middle of 153–points which measur the mode 

shapes as shown Fig. 3.9 on the top surface of the base beam. These 

displacements at the location of 51–points are equal to normalize as 

like the proposed method. As a consequence, the 6–mode shapes of the 

lowest mode are practically identical. Although A little difference 

between mode shape through the proposed method and experiment is 

shown at the fixed end area toward a higher mode than the 7th, the 

proposed method predicts the overall mode shape of the higher–order. 
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Fig. 3.11 Quantitative comparison of resonant mode shapes from
Proposed method (or SE) and PSV. 
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Fig. 3.12 compares the FRFs obtained from the proposed method 

and PSV at the marked points (I, II, III point) in Fig. 3.8(b).  As 

described above, the FRFs in Fig. 3.12 are the displacements response 

associated with only vertical displacement induced by harmonic 

excitation. The marked points as I, II, III point mean the right free end 

spot, 1/3 spot, middle spot of the base beam. For the increase the 

readability of the figure, the FRFs of three spots divided by 0~5kHz 

band and 5~20kHz band as illustrated in Fig. 3.12.  

In the low frequency range of less than 4th resonance mode, the 

FRFs obtained from the proposed method using specral element (SE) 

and PSV produce relatively identical as shown Figs. 3.12(a), (c), (e). 

Especially, note that the FRFs of the proposed method are the result of 

using only 3–spectral elements.  In the high frequency range of more 

than 5th resonance mode, the compared FRF shape is very similar at 

the vicinity of the resonance points on the FRFs in Figs. 3.12(b), (d), 

(f). On the other hand, little difference of shapes between the FRFs 

obtained from the proposed method and PSV exist at the near anti–

resonance points.  
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(c) 0-5kHz (point II) (d) 5-20kHz (point II) 
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Fig. 3.12 Comparison of frequency response functions corresponding to 
vertical displacement from Proposed method (or SE) and PSV at three 
points depicted as I, II, and III in Fig. 3.8.  

  

Fig. 3.13(a) illustrates the correlation between FRF and mode 

shape in the lightly damped system just as experimental model. After 

maximum FRF peak values are obtained through proposed method and 

PSV at the points I, II, III on the base beam in Fig. 3.8(b), the 

maximum FRF peak values at the points II, III are normalized with 

respect to point I just as Fig. 3.13. Although the difference of response 

function value occurs in the high frequency range of more than 5th 

resonance mode as shown in Fig. 3.13, the mode shape ratio on the 

same mode which is extracted from the result of the proposed method 

and PSV is nearly equal as illustrated the Fig. 3.13(b).  
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In the view of the mode analysis, the FRF results of the proposed 

method shows consistent results compared with experiment in the 

interesting frequency range.  

(a) Correlation between mode shape 
and frequency response function 
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(b)Mode ratio at points I, II and III. 

Fig. 3.13 Comparison of mode ratio and frequency response functions 
ratio from SE and PSV at points I, II and III in Fig. 3.8.  
 

3.4.3 Case Ⅲ: Electro–Mechanical (EM) Signal Comparison of 

Intact Model with Collocated PZT  

In the third example, additional verification analysis for the 

proposed method was performed. The EM admittance of collocated 

PZT wafers bonded on a cantilever beam is computed in a frequency 

range of up to 30kHz. As shown in Fig. 3.14, the collocated PZT wafers 

bonded on the top and bottom of a base beam are denoted as PZTs A 

and B, respectively.  

2–D FEM with a refined mesh size is used to obtain a reference 

solution for the comparison purpose. Two single beam spectral 

elements and one spectral element for the CPBS with collocated PZT 

wafers are used for this example. Fig. 3.14 illustrates the EM 

admittance curves of the collocated PZT wafers when a harmonic 
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voltage input with the amplitude of 1 volt is exerted on the top of PZT 

A while PZT B is short–circuited in Fig. 3.14(a). In this case, the 

current obtained at the bottom of each PZT wafer becomes the EM 

admittance of the PZT wafer. The structural damping of the base beam 

is assumed to be 0.5% and the frequency resolution is 1Hz. In Fig. 

3.14(b), the free current, which is induced by input voltages on PZT A, 

is dominant in the EM admittance of PZT A. The EM admittance of PZT 

B clearly represents the modal characteristics of the CPBS without the 

effect of the free current in Fig. 3.14(c). In both figures, the peaks in 

the EM admittance curves indicate the resonance frequencies of the 

cantilever beam with collocated PZT wafers. The EM admittance 

curves from the proposed method are practically identical to those 

from 2–D FEM.  
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10-5

10-4

10-3

0 5 10 15 20 25 30

Proposed method
2D-FEM

A
dm

itt
a

nc
e

 (
A

/V
)

Frequency (kHz)

(a)

10-8

10-6

10-4

0 5 10 15 20 25 30

Proposed method
2D-FEM

A
dm

itt
an

ce
 (

A
/V

)

Frequency (kHz)

(b)

 
(b) EM admittance of collocated 
PZT wafers in test model:(a)PZT A

(c) EM admittance of collocated 
PZT wafers in test model:(b)PZT B 

Fig. 3.14 Comparison of admittance corresponding to the location of 
sensing PZT from proposed method(SE) and  2–D FE.  
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Fig. 3.15 Relative differences between the resonance frequencies 
computed from proposed method and 2–D FEM up to the 15th mode. 

 

Fig. 3.15 shows the relative differences between the resonance 

frequencies obtained from the proposed method and 2–D FEM up to the 

15th mode. The proposed method yields very accurate resonance 

frequencies within 0.23% error level compared to those from 2–D 

FEM. Fig. 3.16 presents the frequency change which is calculated by 

subtracting the frequency of the cantilever beam with a single PZT 

wafer from that with collocated PZT wafers at each resonance mode. 

The frequency change is normalized with respect to the frequency for 

the cantilever beam with a single PZT wafer at each resonance mode.  
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Fig. 3.16 Relative difference between the cantilever beam with a single
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and collocated PZT wafers at each resonance mode. 
Note that the frequency change values are negative except the 10th and 

13th modes though the base beam is stiffened by mounting another PZT 

wafer. This phenomenon implies that the increase in modal mass is 

larger than modal stiffness increase except the 10th and 13th modes 

when the CPBS with a single PZT becomes that with collocated ones. 

The proposed method predicts the trend in resonance frequency 

changes satisfactorily compared to 2–D FEM. 

 

3.4.4 Case Ⅳ: Electro–Mechanical (EM) Signal Comparison of 

Notch Model with Collocated PZT 

In this example, the EM signals are computed from the cantilever 

beam with a CPBS and notch spectral element which is formulated in 

subsection 3.3. The accuracy and the effectiveness of Propsed method 

with notch element are compared with those of 2–D FEM.  

Two identical PZT wafers are collocated on the top and bottom 

surfaces of a damaged base beam, denoted by PZTs A and B, 

respectively. A notch (1mm1mm) is introduced on the top surface of 

the base beam 34mm away from the collocated PZT wafers.  
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Fig. 3.17 A damaged model with collocated PZT wafers for measuring 
EM signals 
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A total of four elements (one notch, two single beam and one CPBS 

elements) in Fig. 3.17 are used for proposed method. Since the 

analytical solution is unavailable, an asymptotic reference solution is 

obtained by 2–D FEM with a sufficiently refined mesh layout. 20 8–

node quadratic plane stress solid elements (1mm0.507mm) and 593 

8–node quadratic plane stress solid elements (1mm1mm) are used for 

discretizing the PZT wafer and the base beam, respectively.  

The harmonic input with the amplitude of 1.0 volt is applied on the 

top of PZTs A and B alternately, and the driving frequency is varied 

from 0 to 30 kHz. The frequency resolution is set to be 1Hz. Here, the 

EM signal represents the EM admittance which is defined as the ratio 

of the output current to the input voltage in the frequency domain. Figs. 

3.18(a)-(c) compare the EM signals computed from proposed method 

to those from 2–D FEM. Several peaks in the EM signals indicate the 

resonance frequencies of the damaged cantilever beam. The EM 

signals calculated from proposed method are practically identical to 

those from 2–D FEM. Fig. 3.18(d) shows the relative differences 

between the resonance frequencies calculated from the propoed 

method and FE analyses up to the 57th mode. Proposed method yields 

very accurate resonance frequencies within 0.5% relative error 

compared to those from 2–D FEM. Proposed method is shown to 

produce satisfactory results with fewer elements comparable to 2–D 

FEM in which a huge number of elements are required. The computing 
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time per one frequency step taken in proposed method is 3.9 ms while 

that taken in 2–D FEM is 360 ms.  
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Fig. 3.18 Comparison of the EMS and the resonance frequencies 
computed from the proposed method and FE analyses of the damaged 
cantilever beam in Fig. 3.17. 
 

Fig. 3.19(a) compares the relative difference between resonance 

frequencies of the damaged cantilever beam to those of the intact one. 

Although there is a slight deviation at the 37th mode, the proposed 

method successfully predicts the change of the resonance frequencies 

produced by the formation of the notch and validating the notch 

element employed in proposed method. Fig. 3.19(b) shows the relative 

errors between proposed method and FE analyses of the intact and 
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damaged conditions of the beam. The relative errors for the damaged 

case are slightly higher for several modes compared to the intact case.  
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(a) Relative differences between 
the resonance frequencies 
obtained from the damaged and 
intact conditions of the beam. 

(b) Relative errors between the 
resonance frequencies obtained 
from proposed method and FE 
analyses 

Fig. 3.19 Comparisons of the resonance frequencies obtained by 
proposed method and FE analyses of the intact and damaged 
conditions of the cantilever beam 

 

However, the magnitude of the relative error remains below 0.5% up to 

200kHz, which corresponds to the 57th mode.  

Figs. 3.20(a)-(c) illustrate the EM signals corresponding to the 

LW mode signals in Figs. 2.7(c) and 2.7(d), respectively. Peaks in 

each EMS correspond to the resonant frequencies of the beam. Here, 

EMSAB is always identical to EMSBA, only EMSAB is shown.  
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Fig. 3.20. The EM signals obtained from collocated PZT wafers on 
the intact and the damaged cantilever beams in Fig 2.7. Here, the 
first and second subscripts of ‘EMS’ indicate the actuator and the 
sensor, respectively. 

 

The decomposed EM signals corresponding to each LW mode are 

shown in Figs. 3.21(a)-(c). In case of the intact cantilever beam, 
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EMSMC is a null signal as shown in Fig. 3.21(c). On the contrary, 

EMSMC clearly appear in Fig. 3.21(c) due to damage particularly in the 

vicinity of the resonant frequencies of the beam. Therefore, the 

existence of damage can be easily confirmed from EMSMC without need 

for any prior baseline EM signal. Furthermore, because the appearance 

of EMSMC is not affected by temperature variation, no cumbersome 

temperature compensation is necessary for damage identification. 
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Fig. 3.21. Decomposed EM signals through the application of Eq. 
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(2.8) to the EM signals from intact and damaged states in Fig 3.20.  

 

3.4.5 Case Ⅴ: Comparison of proposed SE and Lee’s SE 

Analysis.  

In this final example, comparing the FRFs obtained from the 

proposed method and Lee’s method.  
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Fig. 3.22.  A beam partially covered with a rigidly bonded PZT layer. 
 

For discretizing the model in Fig. 3.22, two single beam spectral 

elements and one CPBS spectral element with a single PZT wafer are 

used in the proposed method and Lee’s method. In the 2–D FE analysis, 

406 8–node quadratic plane stress piezoelectric elements (size: 

0.5mm 0.38mm per each element) and 2615 8–node quadratic plane 

stress solid elements (size: 0.5mm0.5mm per each element) are 

employed for discretizing the PZT wafer and the base beam, 

respectively. A 2–D FE analysis is performed using the Steady–State 

Dynamic Analysis, Direct of ABAQUS 6.7–4 on IBM p595 at KISTI 

Supercomputing Center.  
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Fig. 3.23 Comparison of the FRFs and the Relative difference of the 
resonance frequencies from the proposed method, Lee’s method and 
2–D FEM. 
 

Fig. 3.23 compares the FRFs and Relative difference of the resonance 

frequencies obtained from the proposed method, Lee’s method and 2–

D FEM, respectively. The frequency resolution is 1Hz for all the FRFs. 

In the low frequency range of less than 5 kHz shown in Figs. 3.23(a), 

all three methods produce almost identical FRFs. However, the 

frequency function from Lee’s method begins to deviate from those 

from the proposed method and 2–D FEM over 5kHz as shown Fig 

3.23(b) and Fig 3.23(c). As the driving frequency increases, the higher 
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mode effects of the base beam start playing significant roles due to 

rotational inertia and shear deformation. However, these higher mode 

effects cannot be properly taken into account in Lee’s method.  

Fig. 3.23(d) shows the relative difference between the resonance 

frequencies obtained from the spectral element methods and 2–D FEM. 

Here, the spectral element methods include the proposed method and 

Lee’s method. The first 40 lowest resonance frequencies are 

extracted by picking up the peaks of the FRFs. The proposed method 

produces very accurate resonance frequencies within 0.2% error level 

compared to those from 2–D FEM.  On the other hand, the resonance 

frequencies from Lee’s method deviate from those from 2–D FEM as 

the driving frequency increases and the relative error at the 40th mode 

exceeds 10%.  
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Chapter 4 

Parameter Study for Reference–free Damage 
Detection  

 

In this section, numerical parameter study is conducted. The material 

properties and circuit scheme of the numerical model consist of base 

beam and PZT are adopted as the same in Subsection 3.4. Also, the 

identical geometries with collocated PZT wafers are used as shown Fig. 

3.16. From the sensing circuit of each PZT wafer which allows the 

excitation and sensing, an output voltage across the reference 

capacitor is measured to obtain the EM admittance. Also, proposed 

method is conducted to compute the EM signals from the collocated 

PZT wafers under the 2–D plane stress condition. The mesh layout for 

SE discretization is identical to that used in Subsection 3.4.4   

 

4.1 The Varying Location and the Severity of Damage. 

 

Proposed method using spectral element is performed by varying the 

location and depth of the notch as shown in Fig 4.1.  

Base beam 

PZT B

PZT A

1 mm

Notch

d

nx

 
Fig. 4.1. Parameter study model for simulating different damage 
scenarios: The location (xn) of a notch is varied from 80, 100 and 
150mm away from the fixed end, respectively. The depth (d) of the 
notch is also varied from 0 to 2.1mm.  
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The notch location, denoted as xn from the fixed end of the beam, is 

varied from 80mm to 100 and 150mm, respectively. The depth of the 

notch denoted as d is varied from 0.15 to 0.3, 0.6, 0.9, 1.5 and 2.1mm. 

The notch width is kept 1mm for all cases. The collocated PZTs are 

denoted as PZTs A and B, respectively. The EM signals from the 

collocated PZT wafers are computed up to 30 kHz.  

For the aforementioned damage scenarios, a harmonic driving 

voltage with the amplitude of 1 volt is exerted on the top of PZTs A 

and B alternately. At the same time, EMSAA, EMSAB and EMSBB 

corresponding to the harmonic voltage input are calculated from the 

collocated PZT wafers. Substituting these computed EMSAA and EMSBB 

and EMSAB into Eq. (2.3), decomposed EM signals associated with S0, 

A0 and mode–converted LW mode signals are obtained.  

The typical examples of the decomposed EM signals already have 

been demonstrated in Figs. 3.19 and 3.20 for the intact and damaged 

cases. In a similar fashion, it will be presented the decomposed EM 

signals corresponding to the other damage cases due to varied notch 

depth when the notch depth is varied from 0.15 to 0.3, 0.6, 0.9, 1.5 and 

2.1mm. First, Fig. 4.2 is the decomposed signals at the 80mm notch 

location from the fixed end of the beam. 
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(a) 5% damage case at the 80mm
notch location. 

(b) 10% damage case at the 80mm 
notch location. 
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(c) 20% damage case at the 80mm
notch location. 

(d) 30% damage case at the 80mm 
notch location. 
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(e) 50% damage case at the 80mm
notch location. 

(f) 70% damage case at the 80mm 
notch location. 

Fig. 4.2 Comparison of decomposed EMS signals corresponding to damage 
case at the 80mm notch location from the fixed end. 

 

Next, Fig. 4.3 is the decomposed signals at the 100mm notch location 

from the fixed end of the beam. 
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notch location. notch location. 
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(c) 20% damage case at the 100mm
notch location. 

(d) 30% damage case at the 100mm 
notch location. 
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notch location. 

(f) 70% damage case at the 100mm 
notch location. 

Fig. 4.3 Comparison of decomposed EMS signals corresponding to damage 
case at the 100mm notch location from the fixed end.  

 

Finally, Fig. 4.4 is the decomposed signals at the 150mm notch location 

from the fixed end of the beam. 
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(a) 5% damage case at the 150mm
notch location. 

(b) 10% damage case at the 150mm 
notch location. 
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(e) 50% damage case at the 150mm
notch location. 

(f) 70% damage case at the 150mm 
notch location. 

Fig. 4.4 Comparison of decomposed EMS signals corresponding to damage 
case at the 150mm notch location from the fixed end.  

 

As mentioned in Subsection 3.4.4, the existence of a manifest notch 

itself is able to confirm through the mode–converted EM signals 

(EMSMC) in Fig. 4.5 without comparison to a prior baseline EMS. 

Especially, the EMSMC variation due to the ratio of notch depth to the 

thickness of the base beam (d / H) is well shown in Figs. 4.5(a), (c) 

and (e). Also, the peak values of these EMSMC according to the mode 

number can be compared in Figs 4.5(b), (d) and (f).  
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Fig. 4.5 Comparison of extracted EMSMC signals and the peak values when 
the notch occurs at the 80, 100 and 150mm notch location from the fixed 
end.  
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When the location of notch (xn) is 100mm away from the fixed end 

of the base beam, Figs. 4.6(a), (b) and (c) show the detailed EMSMC in 

the frequency ranges 4-10kHz, 10-20kHz and 20-30kHz, 

respectively. First, the peak frequencies in EMSMC corresponding to the 

resonant frequencies of the cantilever beam decrease as notch depth 

increases. The increasing depth of the notch makes the base beam less 

stiff while the loss of mass is negligible. Therefore, the resonant 

frequency values decrease in the frequency domain in Figs. 4.6(a), (b) 

and (c). Second, the peak values of EMSMC increase as the notch gets 

deeper. It is commonly known that the total energy of the mode–

converted LW mode increases as the incident LW modes encounter a 

deeper notch during wave propagation. This mode conversion 

phenomena result in the increasing peak values in EMSMC with respect 

to the notch depth. Fig. 4.6(d) demonstrates the RMS values EMSMC 

due to mode conversion in terms of the ratio of notch depth to the 

thickness of the base beam (d / H). The RMS values are calculated 

through numerical integration of whole EMSMC up to 30kHz in Fig. 

4.5(c), and then normalized with respect to the frequency interval (30 

kHz). Regardless of the location of the notch, the RMS values increase 

as d/H increases. The RMS values for all three locations increase in a 

similar fashion up to d/H =0.2. When d/H is greater than 0.3, the RMS 

values for xn=80cm are larger than those for xn=100 cm and 150 cm.  

In conclusion, the possibility of advanced damage detection using 

EMSMC has been demonstrated through the parameter study for 
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detecting a notch–shaped damage with varying locations and depths on 

a plate–like structure.  

In Fig. 4.5, the peak values illustrate the difference size according 

to arbitrary mode. The authors believe that the surface strain mode 

shape in the vicinity of the notch play a crucial role in determining 

EMSMC and their RMS values. The sensitivity analysis of RMS values in 

terms of the notch location is now under consideration through 

analyzing the modal surface strain of the base beam. A preliminary 

result on the relationship between the modal surface strain and EMSMC 

is provided in the next subsection. 
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Fig. 4.5 (c) for 20-30 kHz. EMSMC as a function of (d / H). 

Fig. 4.6 EMSMC and their RMS amplitudes corresponding to a notch 
with varying depth and location in Fig. 4.1. 
 

4.2 The Effects of the Model Surface Strain Shape (MSSS) on 

the Amplitude of EMSMC.  

 

When the EMS is measured from a surface–mounted PZT wafer, the 

amplitude of EMS is proportional to the surface strain of a host 

structure. The dynamic surface strain becomes steady–state at the 

presence of harmonic excitation and can be represented by mode 

shape at each resonant frequency. For the brevity of description, this 

mode shape of the surface strain is referred to as modal surface strain 

shape (MSSS) hereafter. Note that the MSSS shares the common 

terms used in modal analysis such as node and anti–node.  

The effect of the MSSS on the amplitude of EMSMC is investigated 

for the damaged cantilever beam in Fig. 4.1. Here, the MSSS is 

calculated through proposed method. Fig. 4.7(a) presents EMSMC from 

0 to 30kHz which is normalized with respect to the peak amplitude at 

the 11th mode in dB scale. Considering each peak amplitudes and the 

corresponding MSSS, 9th, 11th and 13th modes are selected for the 

investigation. Among the selected modes, the 11th mode shows the 

largest peak amplitude (0dB) in Fig. 4.7(a). Fig. 4.7(b) presents the 

MSSS at the 11th mode in which the PZT wafers as well as the notch 

are located at the antinodes of the MSSS. The peak amplitude of the 9th 

mode is -11.9dB being 4 times smaller than that of the 11th mode. Fig. 
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4.7(c) illustrates that the PZT wafers are located at the node of the 9th 

MSSS while the notch is at the anti–node. Finally, the peak amplitude of 

the 13th mode is -21.7dB being 5 times smaller than that of the 11th 

mode. The PZT wafers and the notch are located on the nodes of the 

13th MSSS as shown in Fig. 4.7(d). From the numerical results in Fig. 

4.7, the sweet spots for the PZTs and the notch producing the large 

peak amplitude of EMSMC are found to be the antinodes in each MSSS. 

If either of the PZT or the notch falls on the node of the MSSS, the 

peak amplitude of the corresponding EMSMC decreases significantly 

[Fig. 4.7(c)]. If both the PZT and the notch are on the node of the 

MSSS, the peak amplitude of the corresponding EMSMC becomes 

significantly small [Fig. 4.7(d)].      

Two important implications can be drawn for the damage diagnosis 

of a plate–like structure using EMSMC. First, the PZT wafer should be 

placed carefully considering the MSSS involved within the chosen 

driving frequency range. The MSSS can be computed through either 2–

D FEM or proposed method. Then, the sweet spots such as the 

antinodes of the MSSS can be selected. Installing the PZT wafer one of 

these sweet spots, the sensing and actuating capabilities of the PZT 

wafer can be greatly improved. Second, the usage of a broad band 

frequency range is recommended for capturing EMSMC. Unlike the 

installation of the PZT wafer, no one can guarantee that damage should 

occur at the sweet spots. Fortunately, this uncertainty can be 

considerably reduced because the number of sweet spots increases 
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through multiple modal surface strain shapes existing within the broad 

band frequency range.  

Finally, the sensitivity analysis of the MSSS on EMSMC through 

proposed method will open the opportunity of selecting the optimal 

number and placement of the PZT wafers enhancing damage 

detectability for a plate–like structure.  
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(c) The amplitude of EMSMC at the 
9th mode is -11.9 dB. Both PZTs 
are located at the node of the 9th 
MSSS whereas the notch is placed 
near the anti–node. 

(d) The amplitude of EMSMC at 
the 13th mode is -21.7dB. Both 
PZTs and the notch are located 
near the nodes of the 13th 
MSSS.  

Fig. 4.7 The effects of MSSS at the PZT and notch locations on the 
amplitude of EMSMC  
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4.3 Imperfection Problem of the PZT Wafer. 

 

From now on, in our study, all simulation tests were performed in the 

perfect condition except for this one. The perfection condition means 

that the PZTs bonded on the top and bottom surface of the base beam 

consist in the symmetric. Therefore, imperfection is said to be 

asymmetric condition.   

In the signal–decomposition using a pair of collocated PZTs for 

detecting damage and classification, the imperfection has to overcom 

the drawback because it requires much effort to make the symmetric 

structure system including the attached PZTs which enables more 

exact damage detecting.  

Numerical analysis of the imperfection was carried out as the 

following model in Fig. 4.8. The SE analyses are performed by varying 

the location of the PZT.  

 

PZT B

Base beam 

PZT A

1 mm

Notch

1mm

nx
100 mm

PZT B

Base beam 

PZT A

1 mm

Notch

1mm

nx
100 mm

 

Fig. 4.8. Parameter study model for simulating PZT imperfection; The 
imperfection length (xn) of a PZT is 0.25mm, 0.5mm, 1.0mm and 
2.0mm xn from the end of the opposite PZT, respectively. The depth 
(d) and width is constant (1×1mm).  
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The imperfection length of PZT, denoted as xn from the end of the 

opposite PZT, is varied from 0mm, 0.25mm, 0.5mm, 1.0mm and 2.0mm, 

respectively. The size of the notch is 1×1mm and the location is 

100mm from the fixed end of the beam. The notch width is kept 1mm 

for all cases. The collocated PZTs are denoted as PZTs A and B, 

respectively. Also, input tone burst signals with central frequency 100 

kHz is used to examine the effect of imperfect condition as shown Fig. 

4.9. 
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(a)The RMS values associated with 
0.25mm imperfection of collocated 
PZT wafer. 

(b) The RMS values associated 
with 0.50mm imperfection of 
collocated PZT wafer. 
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(c) The RMS values associated 
with 1.0mm imperfection of 
collocated PZT wafer. 

(d) The RMS values associated 
with 2.0mm imperfection of 
collocated PZT wafer.  

Fig. 4.9 The variation of total RMS values according to the PZT 
bonding state when the 100kHz tone burst input excited and time 
window size increase. 
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In Fig. 4.9, the RMS values are calculated through the integration of 

temporal spectrum as similar to the subsection 2.3. The imperfection is 

not affected with intact case when the imperfection is small in the Fig. 

4.9(a). As the imperfection is increased from 0.25mm to 2.0mm, the 

RMS values of intact case is closed to the notch case because the 

imperfection effect of intact case is considered to the like damage as 

shown Fig 4.9(d).  
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Chapter 5 

Concluding Remarks 
 

5. 1 Executive Summary 

The objective of this research is to study the reference–free damage 

detection technique based on the EM signal through correlation 

analysis between LW signals and EM signals. This thesis proposes two 

technical developments to overcome the limitations of existing damage 

detetion techniques using piezoelectric (PZT) wafer. The main 

achievements of this strudy are summarized as follows: 

First, the temporal spectrum is proposed to understand the signal 

characteristic of EM signal in the frequency domain. The temporal 

spectrum analysis is a simple principle that converts the transient state 

signals of LW into the steady　state signals, such as EM impedance 

and admittance, through fast Fourier transform (FFT). Deriving a 

analytic solution for the complex behavior between transient and 

steady　state LW is difficult; therefore, temporal spectrum is very 

important technique to understand the EM signals through the 

interaction between electric characteristic of the PZT and the 

mechanical characteristic of the host structure. The root mean squares 

(RMS) of the temporal spectrums indicate that the signal to noise ratio 

associated with damage is amplified as the time window size increases. 

In this regards, the possibility of the reference–free damage detection 

based on the EM signal is proposed.  

Numerical simulations through temporal spectrum are performed to 
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demonstrate the validity of the mode–converted EM signal–

decomposition technique for detecting damage on a plate. These 

characteristics are the same, even when the input signal changes from 

harmonic to tone burst excitation.  

Second, we have developed a full modeling technique to interpret EM 

interaction between a host structure and PZT wafers. The full modeling 

technique presents spectral element formulation for a coupled PZT and 

Beam system (CPBS), in which PZT wafers are perfectly bonded on a 

base beam. Mindlin–Herrmann rod theory and Timoshenko beam theory 

are employed to approximate longitudinal and flexural behaviors, 

respectively, of the base beam in a high–frequency range. One–

dimensional linear piezoelectricity is adopted for the PZT wafer. 

Considering the dual functions of the PZT wafer as an actuator and a 

sensor, appropriate electric boundary conditions are used in spectral 

element formulation. A dynamic stiffness matrix for the CPBS element 

is derived through condensation technique. Furthermore, spectral 

elements representing delamination and crack in the base beam can be 

incorporated into the proposed method for quantifying the effects of 

damage on the high–frequency dynamic responses.  

The validity of the proposed method is demonstrated through three 

numerical examples. In the case of a cantilever beam with a partially 

bonded PZT wafer, the EM admittance curves of the single PZT wafer 

computed from the proposed method agree well with those from 2–D 

FE analysis and experiment. In the second numerical example, the 

frequency respons functions (FRFs) of displacement at the three 
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points are calculated when a harmonic input signal with unit voltage is 

applied to the PZT wafer. The proposed method produces FRFs very 

close to those obtained from two–dimensional (2–D), three–dimensionl 

(3–D) FE analysis and experiment, even in a high–frequency range, 

because the secondary dynamic effects due to rotational inertia and 

shear deformation are properly taken into account.  

In the third and fourth numerical example, the collocated PZT wafers 

are used for exciting and sensing of EM signal on a cantilever beam.  

The relative differences at the resonance frequency of admittance are 

properly predicted between proposed method and 2–D FE analysis in 

the requency domain. Considering the huge computational cost needed 

by 2–D FE analysis, the proposed method can be an efficient 

alternative for EM signal simulation. Also, EM signal–based 

decomposition technique is verified.   

In summary, EM signal–based reference–free damage diagnosis 

technique is first proposed. This appproach is believed to be more 

sensitive to an incipient defect because the input excitation to the PZT 

creates the resonance of the mode–converted damage signal at its 

natural frequencies. Thus, it is more capable of achieving higher signal–

to–noise ratio than the LW signal–based damage detection.  
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5.2 Further Study 

It is very important that some signal will be used for damage 

detection. The research presented in this dissertation can be used in 

the basical motive for reference–free detecting damage. Most of our 

research is an approach results of theoritical and numerical through the 

simple cantilever model. Further studies are planned to apply the 

proposed techniques to more complicate or real structrures. The final 

destination of SHM/NDT is the prediction of unexpected accidents in 

advance using some novelty damage detection techniques. To satisfy 

the goals of SHM / NDT, some possible improvements studies are 

proposed and listed as follow:  

 

1) Further numerical modeling techinques to advanced understand the 

proposed technique and improve interaction between the plate and PZT 

wafers are necessary. For example, the effects of adhesive layer 

between a spectral element and a PZT wafer will be taken into account 

as well for improved dynamic analysis at a high frequency range. In the 

numerical model, the more complecate models consist of stiffner or 

several damages will make the reliability of proposed method. 

 

2) From the fundamental finding that impedance method is quite 

associated with LW–based method, more robust damage detection 

techniques incorporating those two techniques will be developed and 

applied to lab and real structures. In reference–free damage detection 

technique, the technique will be extended to real structures such as 
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considering temperature and loading effect of plate, critical points of 

bridge and wing sectionof aircraft. Also, investigation of other damage 

types like bolts–loosen and corrosion cases will be studies for reliable 

on–line health monitoring. 

 

3) Porposed method uses the contacted PZT wafer on the host 

structure to extracte damage signal. Recently, the laser instrument 

which can excite and detect a damage signal without contact is used for 

detecting damage. If the symmetry of the structure is considered, the 

proposed technique can be applied equally. As well as, it is necessary 

to develop intelligent damage index methods that can effectively 

correlate the changes in the wave packet to the presence and changes 

of damages in the structure. Also, the effort to overcome the 

limitations of the proposed method is needed, such as the imperfection 

which is simulated in our study. 
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APPENDIX 

1) APPENDIX (A1) 
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(a) In case of a CPBS with a single PZT wafer: 
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(b) In case of a CPBS with collocated PZT wafers: 
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2) APPENDIX (A2) 

(a) In case of a CPBS with a single PZT wafer: 
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Where, }),()](det[|{ a)-(A1Appendix in  41  0such that    jikckkeP iji
Lik

i
i . 

For each ki, an eigenvector normalized with respect to 0 is 

calculated and its individual components corresponding to u0, 0  

and v0 are Ri, Si and Ti, respectively. 
 

(b) In case of a CPBS with collocated PZT wafers: 
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where }),()](det[|{ b)-(A1Appendix in  21 0such that    jikckkeP iji
Lik

i
i  and 

}),()](det[|{
~~ ~

b)-(A1Appendix in  43 0such that    jikckkeP iji
Lki

i
i . 

For each ki, an eigenvector normalized with respect to u0 is 

calculated and its component corresponding to 0 is Ri.  For each 

ik
~

, an eigenvector normalized with respect to v0 is calculated and its 

component associated with 0 is Ti. 
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3) APPENDIX (A3) 

 

(a) In case of a CPBS with a single PZT wafer: 
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(b) In case of a CPBS with collocated PZT wafers: 
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4) APPENDIX (A4) 

 

(a) In case of a CPBS with a single PZT wafer: 
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(b) In case of a CPBS with collocated PZT wafers: 
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Summary (In Korean) 

요  약  문 

 

판 구조물의 무기저 손상 탐지를 위한 압전소자와 보체계(CPBS)의 

동탄성학적인 해석을 제안한다. 특히, 손상해석에 사용되는 전기역학적 

신호의 이론적인 분석을 판구조물의 모드 특성의 관점에서 분석하고, 판 

구조물의 초기 조건과 관련된 기저 신호를 사용하는 기존의 임피던스 기반 

손상 감지 기법의 한계점을 극복하기 위해 다음과 같은 연구를 수행하였다.  

본 눈문에서는 램파와 전기역학적 신호의 동탄성학적인 상관성을 

이용하여 전기역학적 신호를 이해한다. 램파와 전기역학적 신호들의 상관 

관계가 파 중첩과 시간 스펙트럼(temporal spectrum)을 통해 정량적으로 

규명된다. 판 구조물에 병치된 한쌍의 동일 PZT 는 극성으로 모드 변환된 

램파 신호를 추출하는 것이 가능하다. 모드 변환 신호의 일련의 

시간창(time window)에 대한 FFT(fast Fourier transform)를 통해, 시간 

스펙트럼의 수렴은 가진주파수 범위내에서 판 구조물의 공진에 귀착됨을 

보인다. 시간 스펙트럼의 RMS(root mean square)는 손상과 관련된 

신호대 잡음비가 시간창 크기의 증가에따라 증폭됨을 의미한다. 이 점에서, 

모드변환된 램파 신호들은 판 구조물의 손상진단을 위한 전기 역학적 

신호들로 통합된다.  

병치 압전소자와 보체계(CPBS)를 위한 스펙트럼 요소가 주파수 

영역에서 전기역학적 신호들을 계산하기 위해 정식화 된다. Euler–

Bernoulli beam 이론과 1 차원 선형 압전성이 PZT 의 전기–역학적 거동을 

모사하기 위해 사용된다. 고주파 대역에서 질량관성 효과와 전단변형 

효과를 고려한 Mindlin–Herrmann 과 Timoshenko beam 이론이 기저보에 

각각 적용된다. 제안된 SE 해석의 타당성이 FE 해석에 의한 수치결과와 



 

 

 

실험 결과들로부터 검증된다. 마지막으로, 모드변환된 전기 역학적 신호들의 

손상의 위치와 크기에 따른 영향이 SE 해석을 사용한 매개변수 

연구(parameter study)를 통해 규명된다. 매개변수 연구에서, 판 구조물의 

전기역학적 신호를 이용한 무기저 손상진단의 가능성이 제시된다.  

 

Key Words: 동탄성(Elasto–dynamic), 램파(Lamb wave), 전기역학적 

임피던스(Electro–mechanical impedance), 판 구조물(Plate), 병치 압전소자와 

보체계 (Coupled PZT–beam system), 통합적 손상진단, 시간 스펙트럼 

(temporal spectrum), 스펙트럼 요소(Spectral element), 유한요소(Finite 

element), 평균제곱근(Root mean square)  


